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1. Introduction 

String theory admits an enormous set of seemingly consistent Minkowski vacua, yet the 
number of classes of compact geometries that have appeared in these vacua is small. With 
a few noteworthy exceptions [jl|,^0] , all supersymmetric compactifications of string theory 
to 4D Minkowski space studied until the past two years have involved only five types of 
special holonomy manifolds. The canonical building blocks include Calabi-Yau threefolds, 
K3 surfaces, and tori. Beyond these, the list also includes G2 manifolds for M theory 
compactifications and Calabi-Yau fourfolds for F theory. It is natural to ask to what extent 
there exist sensible 4D Minkowski vacua based on other compactification geometries. The 
goal of this paper is to make contact between certain exotic orientifold vacua deduced via 
string dualities and other work based on a "Superstrings with Torsion" type description 

i- 

In the absence of fiux, when the geometry is a direct product of M"^'^ and a compact 
manifold, 4D A/" > 1 supersymmetry of the low-energy supergravity action demands that 
the compact manifold be a product of the special holonomy manifolds listed above |p. 
In the case of type IIB string theory, a similar statement can also be made for a more 
general class of warped compactifications with internal fiux and chiral spinor constraints. 
Here, the size of spacetime is allowed to vary over the internal manifold, and the data 
defining the compactification is enlarged to include a discrete choice of branes and internal 
NS and RR fiux. For the class that has received the most attention, chiral (Becker-type) 
constraints are also imposed on the spinors generating the supersymmetries; these are the 
the constraints associated with D3 branes and D7 branes 0. 
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Such D3/D7 warped compactifications are attractive for a number of reasons. They 
provide a stringy embedding [^||,0 of the RandaU-Sundrum approach to the hier- 
archy problem [0, as weU as a mechanism for perturbative stabihzation of moduh 
H,PI, pT| . [T^ , p!3| , p^ , p!5| ■ (See Refs. |lT6| , p!7| , p!8[| for a gauged supergravity perspective; also, see 



Ref. [|T9|, for a discussion of local models that includes a worldsheet perspective.) In ad- 



dition, they are amenable to a statistical analysis as an ensemble of vacua ||2^ , and with 



a few new ingredients, have lead to a construction of metastable de Sitter vacua of string 
theory [gTj.B 



However, for compactification to 4D Minkowski space they require the same special 
holonomy manifolds as do conventional compactifications, up to an overall conformal rescal- 
ing by the warp factor . Schematically, the reason is as follows. For supersymmetric IIB 
vacua, the gravitino variation is 

#M = {Dm + flux)e + (fiux)e* = 0, 

where e is a lOD Weyl spinor. In the case of Becker-type constraints, the e and e* terms 
separately vanish. The e term decomposes into the usual covariant constancy condition 
plus a relation between the RR flux ^(5) and the warp factor. The e* term gives conditions 
on the complex three-form flux G(3). 

For other spinor constraints, or for vacua other than type IIB warped compactiflca- 
tions, the fluxes can mix with covariant derivatives. One obtains generalized covariant 
constancy conditions based on torsionful connections, whose solutions, if any, involve in- 
ternal manifolds not appearing in the list above. These exotic compactiflcation manifolds 
can be non-Kahler and even non-complex. However, while it is easy write down the equa- 
tions of motions and supersymmetry conditions, it is not so easy to flnd solutions. Given 
certain assumptions, one can prove no-go theorems on their existence |l26|,p|,|27[| .□ 



An explicit model of this type with all Kahler moduli stabilized was recently exhibited in 



Ref. [^. See also Ref. [Q for a nonexistence proof for one Kahler modulus, and Ref. |24] for a 



related discussion in the T /Z2 orientifold. For work on inflation and de Sitter space in models 



with D3 branes and D7 branes, see Ref. [25|. 

The no-go theorems state that in the absence of negative-tension sources, the leading a'- 
order supergravity action has no solutions with internal flux and compact internal manifold. 
These theorems are evaded in string theory by the existence of negative-tension orientifold planes, 
by a'R A R D7 brane worldvolume curvature couplings (which give D7 branes negative D3 brane 
charge and tension), and a'R A R corrections to the heterotic Bianchi identities. 



1.1. Older Progress 

Most of the progress toward understanding torsionful supersymmetric vacua builds 
on work performed by Strominger nearly two decades ago, in the context of the heterotic 
string with NS flux 0. In the heterotic theories, the gravitino and dilatino variations are 

5V'M = (Vm + i^(3)M)e. 

(1.1) 

5A=(^(/>+i^(3))e, 

where e is a lOD Majorana-Weyl spinor, and e = (w (S) x + w* ® x*)/v^ in terms of a 4D 
Weyl spinor u and 6D Weyl spinor x- (Strominger did not specialize to compact ificat ions 
to 4D, but we will do so here). For supersymmetric vacua, the gravitino variation directly 
implies that x cLnd x* are both covariantly constant with respect to the same connection 
of torsion T^^ = if(-3-)"bc- If we define an almost complex structure (ACS) 

Ja' = ixhaX. (1.2) 



then Eqs. (|1 . 1| ) together imply that the ACS is integrable. Lowering one index on J J' gives 
the fundamental forniH J, which is related to the flux via 

-e2'^d(e-2'^j)=*6if(3), (1.3a) 

d(e-2'^ *6 J) = 0. (1.36) 

Eqs. ( |1.3| ) are not quite the relations that appeared in Strominger's work 0, but are 
equivalent to them ||2^,^ . 



Strominger went on to obtain a complete set of geometrical conditions for supersym- 
metry, as well as a set of equations expressing the dilaton and flux in terms the geometry. 
In addition, he provided a worldsheet description, and for compactiflcations to 6D was able 
to give exact solutions. For compactiflcations to 4D on a compact manifold other than a 
Calabi-Yau, he argued that the solutions could not extend to large volume, since his equa- 
tions reduced to Calabi-Yau conditions in this limit. He did not provide any solutions, 
but did mention the Iwasawa manifold as an example of a complex non-Kahler manifold 
satisfying the topological condition h?'^ = 1, that could conceivably be used as the basis 
for a consistent torsionful supersymmetric solution.Q 



In the special case that J is closed, the internal manifold is Kahler and J is the Kahler form. 

Heterotic compactiflcations on the Iwasawa manifold have been re-explored using the tools 
discussed in the first part of Sec. 1.2 p9[] . In Sec. 7, we discuss orientifolds based on a warped 
Iwasawa manifold. 



This is the way things stood for thirteen years until the first non-Kahler heterotic 
compactifications to 4D were constructed using string duahties 0]. The starting point 
was a IIB warped compactification, obtained as the orientifold hmit of a warped F-theory 
compactification on K3 x K3 with internal flux 13^,0 . After two T-dualities,a this theory 
becomes type I on a non-Kahler manifold with RR three-form flux. The heterotic theory 
is then obtained via S-duality. The resulting geometry takes the form of a warped T^ 
fibration over K3, with the noteworthy property that the fiber volume is fixed in terms of 
the fiber complex structure modulus. So, lengths cannot simply be scaled by an overall 
factor to obtain a large volume solution, in agreement with Strominger's earlier observation 
forbidding an overall volume modulus. 



1.2. More Recent Progress 

Two important organizing principles that have emerged more recently are the notions 
of G-structures and generalized calibrations. These tools were first applied to studying 
supergravity solutions with background fiux in Ref. |2^]. Since then, the subject has 
fiourished [|2],||,|3|,|7|,ll,lll,ill,i3Jll®©iIlil:il.il- In the context of the heterotic 
string with 4D Af = 1 supersymmetry, the appropriate group G is SU{3), and the idea is 
as follows [^|2^j2^ . The existence of the covariantly constant spinor x discussed above is 
equivalent to the statement that the compactification manifold Xq has SU{3) holonomy 
with respect to the torsionful connection. As a consequence of the existence of a privileged 
6D spinor, the usual SU{3) structures J and O can be canonically defined in terms of this 
spinor, just as for a Calabi-Yau. However, these objects are no longer closed. A useful 
mathematical characterization of the precise sense in which Xq differs from a Calabi-Yau 
comes from the fact that the SU{3) structures induce a natural SU{3) decomposition of 
the torsion into five torsion classes M5||: 
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WiJA J + JAW2 + OAW5. 



;i.5) 



^ The geometry of the IIB orientifold is a warped version of R^'^ x K3 x T^ / (Q{—l)^'-l2) , 
where I2 inverts the T^. The T-duahties are performed in the T^ directions. 



The super symmetry conditions can then be translated into constraints on the Wi. Con- 
versely, once these constraints are known, we can instead start with a manifold satisfying 
the constraints, and then if (3) and e*^ follow from Eqs. ( |1.^ ). 



The connection to generalized calibrations arises when, following Ref. p8| , |27[] , we in- 
terpret Eq. ( |1.3a| ) as a consequence of the fact that (i) NS5 branes are a source of il(3) 



flux, and (ii) J is a generalized calibration HBI for the two-cycles on which we can wrap 
a supersymmetric NS5 brane probe. In some sense, we can think of the manifold Xq as a 
fully backreacted geometry involving one or more wrapped NS5 branes. The appeal of this 
formalism is that it readily generalizes. Instead of considering the heterotic string on a 6D 
manifold with a torsionful connection of SU{3) holonomy, we can consider type I, II, or 
the heterotic theories on a manifold of some other dimension, with torsionful connection 
of holonomy group G. The SU{3) structures J and O just get replaced by the appropri- 
ate G-structures. The generalization of Eq. ( p..3a| ) is an analogous relation between some 
NS or RR flux and the G-structure that calibrates the cycles on which we can wrap a 
corresponding NS or D brane probe. 

Beyond G-structures, another important advance has been the reformulation of the 
heterotic moduli constraints in a way analogous to the usual formulation of the constraints 
for IIB Becker-type warped compactifications. For the latter, one deflnes a complex flux 
G(3) = F(3) — rdii-ff(3). The supersymmetry conditions constrain the moduli so that G(3) 
is primitiveQ and of type (2,1). The (2,1) condition follows from a superpotential W = 
J G(3) A O. Finally, the scalar potential comes from Kaluza-Klein reduction of the kinetic 
term for G(3) in the lOD supergravity action. A similar structure has been exhibited in the 
heterotic theories, except that the scalar potential now comes from a combination of the 



i7(3), Einstein-Hilbert, and dilaton kinetic terms in the lOD supergravity action [^. The 
complex flux i7(3) — ie^^ d{e~'^'^ J^ is required to be (2,1) and primitive. It has been argued 
that the (2,1) condition follows from an analogous superpotential |]48| , ^ , ^ , although this 
is more subtle than in the IIB case. 

The duality chains, which proved so useful in the flrst non-Kahler heterotic compact- 
iflcations to four dimensions, have also been revisited. In the original construction 0, all 
analysis was performed in the dual IIB/F-theory description. Much effort has been devoted 
to providing an intrinsically heterotic description of these vacua and their generalizations. 



as well as to the mathematical properties of the compact manifolds involved [^ , |50| , p) 
Primitivity means that J A G(3) = 0. 



Prom the results of Ref. [^ : the previously known class of admissible compact manifolds 
obtained via duality has been generalized to include manifolds with nonzero Euler char- 
acteristic, and a better understanding now exists of phenomenologically relevant details 
concerning the vector bundles on these manifolds and the numbers of fermion generations; 
moreover, through a different duality, there is now a relation to brane-box constructions. 
A particular duality symmetry that has proven extremely useful in the past is mirror sym- 
metry, and steps have been taken toward generalizing Calabi-Yau mirror symmetry to a 
mirror symmetry of non-Kahler manifolds with nonvanishing NS flux P, p2| , |55| . Even for 
geometric transitions, the cornerstones in our modern understanding of topological string 
theory |J51|] , there now exists a sequence of supergravity descriptions for a complete duality 



cycle connecting the various IIB, IIA, and M theory descriptions before and after the tran- 



sition [B2| . This duality cycle relates D branes wrapped on cycles of non-Kahler manifolds 



to fluxes in other non-Kahler manifolds. For other interesting results involving dualities 



and torsion, see Ref. p3^ . 



1.3. Work Reported Here 

A final way in which duality symmetries have been applied is in the construction of 
a new class of non-Kahler orientifold vacua Q . These vacua will be our focus here. They 
are relatively simple to describe — the geometry is a warped torus fibration over a torus 
base, with O planes and D branes wrapping the fiber and filling spacetime. In addition, 
there is internal flux. These vacua were constructed using a duality argument similar to 
the one used to obtain non-Kahler heterotic compactifications. However, the orientifold 
vacua that we discuss here do not have obvious geometrical heterotic duals. The starting 
point is a T^ orientifold of type IIB with internal flux, where the orientifold inverts all of 
the torus directions. So, the initial theory contains 03 planes and possibly D3 branes, but 
no 07 planes or D7 branes. The non-Kahler orientifolds are obtained via T-duality. For 
supersymmetric flux, the maximum number of T-dualities that can be performed is either 
two or three,0 depending on the choice of flux. Therefore, we cannot relate these string 
vacua to type I with 09 planes, or subsequently to the heterotic theory by S-duality. 



After this number of T-dualities, the metric has no further isometries that can be used to 
perform additional standard T-dualities. There does exist a generalized sense in which we can 
perform additional T-dualities. However, the result is a nongeometrical string compactification 
p^,|4[ , involving duality twists that mix the metric and NS S-field, so that neither of these quan- 
tities is globally well-defined by itself. In contrast, standard T-dualities only result in geometric 
fibrations (Scherk-Schwarz fS^ twists of the metric) and NS flux (Scherk-Schwarz twists of the 
NS S-field). 
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The main motivation for the present investigation is that the orientifolds just described 
have been analyzed in a way that rehes almost exclusively on the original pre-duality 
theory, with little or no intrinsic description in the final non-Kahler orientifold. On the 
other hand, the geometry of these orientifolds is very similar to that of certain noncompact 
manifolds of SU{2) or SU{3) structure that have been described elsewhere, and used in 
consistent supergravity solutions with a "Superstrings with Torsion" type description ||2^ . 



The primary goal below is to provide such a description for torsionful orientifolds of type 
IIB string theory in which 05 planes are wrapped on the fiber of a T^ fibration. A 
secondary goal is to study moduli stabilization in these orientifolds. 

An outline of the paper is as follows. We begin in Sec. 2 by defining the class of 
05 orientifolds that we consider. Sec. 2.1 contains a description of the lOD supergravity 
background, including the lOD metric, the orientifold operation, and fiuxes. In Sees. 2.2 
and 2.3 we discuss the fields and energy scales of the 4D effective field theory. 

Sec. 3 is devoted to analyzing the model to the extent possible without any assump- 
tions regarding supersymmetry. Here, and also in Sec. 4, we relax the ansatz that the base 
of the internal manifold is T^, and assume only that it is some compact manifold B. How- 
ever, order to proceed systematically, we find it necessary to impose one restriction on the 
NS fiux. This restriction is discussed at the end of Sec. 3.1. The main results of Sec. 3 are 
the Gauss's law constraint in Sec. 3.2, a pseudo-BPS constraint on the fiuxes in Sec. 3.3, 
expressions for the dilaton and warp factor in Sees. 3.4 and 3.5, and the requirement that 
the base be Ricci fiat. The pseudo-BPS constraint follows from an equality between an 
exact four-form on the base and sum of positive semidefinite squares of fiuxes. Integration 
of this relation imposes a set of Hodge duality conditions on the fiuxes. There is a naive 
paradox concerning the Gauss's law constraint. Due to the fibration, one can have (i-F(3) 
supported on local sources, the sum of whose charges does not vanish. This paradox is 
resolved by correctly pushing forward the F(-3) Bianchi indentity to the base. We conclude 
the section with a precise definition of the moduli, and a decomposition of the fiuxes into 
a quantized discrete part and moduli dependent deformations. 

Sec. 4 contains a discussion of the supersymmetry conditions. After a brief discussion 
in Sec. 4.1 of the contraints on the spinors from the orientifold projection, in Sec. 4.2 we 
analyze the case in which only the RR three-form fiux is nonzero. Here, the discussion 
closely parallels that given by Strominger for the heterotic string with NS fiux. The vacua 
that we describe are related by S-duality to dual vacua with NS-fiux, NS5 branes, and 
0N5 planes, that are very similar to those discussed by Gauntlett, Martelli, and Waldram 



p^ in the case of 6D internal manifold. The S-duality map is discussed in Sec. 4.3. 
We then consider the case of more general flux in Sec. 4.4, and derive the corresponding 
generalization of the supersymmetry conditions. These conditions are stated in terms of 
the flux, the right-SU{3) structures J and O constructed from the right-moving part of the 
Killing spinors only (or alternatively, left-SU{3) structures), and the volume form Volgb on 
the T^ fiber. Note that while we employ SU{3) structures in analyzing the supersymmetry 
conditions, we do not find it useful here to work in terms of SU{3) (or SU{2)) torsion classes 
in order to satisfy these conditions. Therefore, we will not compute torsion classes in this 
paper, except for a fieeting instance in Sec. 6.3 to verify the nonintegrability of the almost 
complex structure. See, however, the discussion in Sec. 10. 

In Sec. 5, we relate 05 orientifolds with T'^ base to T-dual 03 orientifolds with internal 
T^. Then, in Sees. 6-8 we study a number of specific classes of 05 backgrounds preserving 
various amounts of supersymmetry, and their 03 duals. Sec 6.3 is devoted to a class with 
nonvanishing F(i) and if(3) fiux, and nonintegrable complex structure, but the examples in 
Sees. 6-8 otherwise contain only F(3) fiux and integrable complex structure. Our discussion 
of the 03 duals extends the known results for the T^/Z2 orientifold. 

Sec. 9 contains a preview of work to appear elsewhere [^^ . In the M = 2 case, our 
examples are dual to M theory on a Calabi-Yau threefold Yg times a circle. That is, they 
can be viewed as F theory on Y^^T"^, where the F theory fiber is taken to be the product 
of an 5"^ in the T^ and an S^ in Yq (with Yg viewed as a fibration). Here, we provide a 
few preliminary observations concerning this duality. 

Finally, in Sec. 10, we conclude and discuss possibilities for future work. 

The appendices contain auxilliary details not found in the body of the paper. App. A 
contains a summary of our conventions, mostly with regard to Dirac matrices. In App. B, 
we describe the twisted coordinate identifications that generalize the T^ identifications 
x" = x" + 1 to a T^ fibration over T^. In App. C, we derive the first equation of Sec. 3.3, 
from which the pseudo-BPS constraints follow. App. D is a reference for the IIB super- 
symmetry variations of fermions in various forms (string frame, Einstein frame, in terms 
of eL,R and in terms of e = e^ -|- zei^). In App. E, we discuss subtleties in applying the 
superpotential of Gukov, Vafa, and Witten |]^ to the T^/Z2 03 orientifold in which the 
fiuxes (partially) break A/" = 4 extended supersymmetry. The T-duality map of RR mod- 
uli, as defined in Sees. 3.9 and 5.1, is worked out in App. F. App. G contains a discussion 
of moduli space metrics for the T^ /'L2 orientifold; here, we first review the results of Frey 
and Polchinski for the case of A/" = 3 supersymmetry, and then consider the A/" = 2, 1 



cases relevant to Sees. 6 and 8. Lastly, in App. H we prove that a particular class of fluxes 
discussed in Sec. 8.2 reduces to a unique choice of flux modulo the discrete identiflcations 
of the axion-dilaton and T^ complex structure. 

2. 05 Orientifolds of T^ Fibrations 

2.1. Supergravity Background 

As a starting point, recall that the supergravity background for A^ coincident D5 



branes in flat noncompact spacetime is [58 



(i4ri„g = Z-^/'^r]^^dx^dx'' + Z^/^dmndx'^dx'', (2.1a) 

e^ = gsZ-^/^ (2.16) 

F(7) = -g-^d{Z-^) Adx^ A...A dx^, (2.1c) 

where /x, z/ = 0, . . . , 5 and m, n = 6, . . . , 9. The subscript "string" indicates that Eq. ( |2.1q| ) 
gives the string frame metric. The warp factor is 

Z^l + N^. (2.2) 

This function is harmonic away from r = and is a solution to Poisson's equation 

d'^^dmdnZ = N{27v)^a'gj\x) (2.3) 

in the non- warped metric Smn on the M^ transverse to the D5 branes. 

We would like to study the analogous supergravity backgrounds for orientifolds of 
type IIB string theory in which 4D spacetime-fllling 05 planes and D5 branes wrap the 
T^ flber over a T^ base.H The new metric ansatz is 

ds^^,^^^g = Z-^/^{r]^^dx''dx'' + dsl2) + Z^/^dsl^ , (2.4a) 



base 



where ry^j^ is the 4D Minkowski metric, and the flber and base metrics are 

dsl^^ = g^jj''^^v"v'^. V" = rfx" + ^", a, /3 = 4, 5, (2.46) 

ds'^4 = 5r^n""''<ia;"'iia;", m, n = 5, ...,9. (2.4c) 



Although we focus on the case of T* base, most of the analysis in Sees. 3 and 4 is performed 
for arbitrary compact base B. 
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rrp2 N frp4 N 

Here, we assume that g^^g^ and grnn"^" are flat metrics, and that the warp factor depends 
only on the base coordinates. The fiber and base coordinates are identified via a twisted 
generalization of x" = x" + 1, x"^ = x"^ + 1 that is discussed in App. B. The quantity 
A"' = A"'rn{{x^})dx'^ is the fiber connection. The one-forms 77" are globally defined and 
are the generalizations of dx" consistent with the twisting of the fibration. Nontrivial 
twisting is measured by nonvanishing cohomology classes 

[^«]Gi:f2(Tb\,e,2Z), (2.5) 

where 

J^" = dA'^. (2.6) 



These are the Chern classes of the x" circle fibrations (or equivalently U{1) fibrations) 
over T^^,,. 

For later convenience, we define a 6D metric 

dsQ^ — ds^2 + Zds^i, , (2-7) 

fib base 

so that 

ds^tring = Z-^''' {v^^udx^dx'' + dSQ^). (2.8) 

We denote by Xq the 6D space whose metric is ( ^77|) . 

In addition to this geometry, the model includes 16 05 planes and 2M D5 branes. The 
Z2 orientifold operation that defines the 05 planes is OX4, where O is worldsheet parity 
and X4 inverts the base T^: 

J4: x"" -^ -x"". (2.9) 

The orientifold planes wrap the fiber and are located at the 2^ Z2 fixed points on the 
base where x"^ = 0, 1/2.B The 2M D5 branes also wrap the fiber, and are located at 
M arbitrary points on the base together with their M Z2 images. The 2Z rather than 
Z valued cohomology in Eq. ( |2.5| ) ensures that [J-'°'] G if^(T'*/X4, Z), which is needed to 
define the orientifold. (See Sec. 3.7). 



The orientifold planes are assumed to be standard 05^ planes in the terminology of [|59| , 
as opposed to the exotic 05^ or 05 planes that lead to shifted flux quantization conditions. 
Similarly, we assume that there is no localized !F" curvature at the I4 fixed points. 
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Finally, the orientifold projection preserves the following even fluxes together with 
their lOD Hodge dualsH 

Even fluxes: -F(l)m, -^(3)amn, -^(5)a/3mnp, -f^(3)a/3m, -f^(3)mnp- (2-10) 

By even, we mean that these components must be even functions of the transverse coordi- 
nates x"^. The orientifold projection also preserves the complementary set of components, 
provided these components are odd functions of the transverse coordinates. With the ex- 
ception of the special case that 2M = 32 and each 05 plane is coincident with exactly one 
D5 brane and its image (so that charges and tensions cancel locally), there do not exist 
string vacua with all odd fluxes set to zero. In order to satisfy the low energy equations 
of motion, we need to include at least the following odd flux: 

Odd flux: F^s)mnp- (2.11) 

We will limit our investigation to those backgrounds in which the other odd fluxes can 
be consistently set to zero, and in which all flelds have functional dependence on the base 
coordinates only. (In other words, we consider the low energy effective fleld theory at 
energy scales below l/i?fib; see Sec. 2.3 for further discussion.) In addition, we assume 
vanishing fleld strengths of the D5 worldvolume gauge flelds. 

The fluxes F(^p-^ are the gauge-invariant fluxes that appear in the kinetic terms of 
the bulk supergravity action. In the conventions in which the T-duality action on RR 
potentials is simplest ,llil the relation between the RR potentials C^^p-^ and gauge-invariant 
fluxes F(p) is 

p_ _ / ^(P) ~ ^(p-3) ^ ^(3) P > 3, , . 

^(p)-IF(p) p = 1,2, ^^■^^> 



where 



F(p) = dC{^p_iy (2.13) 



In Sec. 3, we will see that the odd flux ( ^.11| ) is completely determined by the equations 



of motion. On the other hand, the even fluxes ( |2.10| ) contain both moduli-dependent and 
moduli-independent components, with the latter constrained only by Dirac quantization. 



Here, all components of fluxes and potentials are given in the basis dx^ , rj" , dx"^ . These 
components should not be confused with those in the basis dx^ , dx" , dx^ . 

^^ There is different convention, F(5) = F(5) + ^B(^2) A-F(3) — 1^(2) Ai^(3), in which the potentials 
i?(2) and C(2) transform simply under SL{2, Z) duahty. 
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Therefore, the even fluxes, hke JF" and M, contain discrete data that needs to be specifled 
in order to fuUy deflne the model. 

For trivial fibration and in the absence of even flux, this orientifold is dual to type I 
on T^ via T-duality in the four T^^^g directions. In this case, the orientifold preserves 4D 
A/" = 4 supersymmetry. Also, since the D5 branes and 05 planes flU 4D spacetime, there 
is a Gauss's law constraint (RR tadpole cancellation condition in worldsheet language) 
that requires 2M = 32 D5 branes. This constraint and its generalization to the case of 
nontrivial flbration and flux are discussed in Sec. 3.2 below. 

2.2. Low Energy Bosonic Field Content 

For the class of lOD supergravity backgrounds just described, there exist deformations 
that continuously connect different consistent supergravity solutions. Let us restrict to 
deformations with no functional dependence on a;^. For the case of trivial flbration and in 
the absence of even flux, one class of such deformations consists of the zero modes on Xq 
of the even bosonic flelds 



RR sector: C(2)a/?, Ci2)^^u ^ scalar, C(2)mn, Ct^^^c^mnp, 

NSNS sector: g^.^, g^n, S(2)am, </>, 



(2.14a) 



together with the zero modes on the T^ flber of the D5 worldvolume flelds 

D5 worldvolume: A/^, $j"^, /=1,...,M. (2.146) 

These are the deformations which, when promoted to 4D flelds, become the moduli of the 
4D A/" = 4 low energy effective fleld theory. 

The quantity that plays the role of the axion-dilaton is (cf. Sec. 4.2) 

where the volume of the T^ flber is 

Vfib = (<7(^-))'/'. (2.16) 

This expression for raii is T-dual to the more familiar expression given App. D that is 
common to 03 orientifolds, 07 orientifolds, and pure IIB string theory. 
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A second class of such deformations consists of the zero modes on Xq of the even fields 

RR sector: C(2)q^, C(4)q,/3^^, 
NSNS sector: y%, S(2)^^, (2.17) 

D 5 world volume: Aj ^, / = 1,...,M. 

These are the deformations which, when promoted to 4D fields, become the massless gauge 
bosons of the 4D A/" = 4 low energy effective field theory. Here, V^^ is the deformation 
that corresponds to the Kaluza-Klein gauge boson for the translation isometry in the 
Qj-direction. It arises by replacing A"' with A" + V'^^dx'^ in the lOD metric 



Finally, a third class of such deformations shifts the 4D metric away from ij^^, and 
parametrizes the space of constant metrics on M"^'^. When promoted to 4D fields, these 
deformations become the 4D graviton. 

Note that there is an important distinction between the allowed x'^-independent de- 
formations of the supergravity backround and the fields of the 4D effective action. While 
it is easy to identify the former, the massless fields in the dimensional reduction to 4D are 
more complicated than those obtained by simply endowing these deformations with x'^- 
dependence. The correct low energy 4D fields must also include warp factor dependence 
to prevent mixing with higher Kaluza-Klein modes 16^,15,61 . 



In the case of nontrivial fibration and fiux, the supersymmetry and massless field 
content is reduced. The U{1)^'^ Af = 4 vector multiplets on the D5 branes remain massless, 
but many of the RR and NS fields in (|2.14|) and ( p.l7| ) are lifted. The lifting occurs 



through a supersymmetric Higgs mechanism. For the bosons, the equations of motion 
impose certain metric and axion-dilaton dependent Hodge duality relations on the fiuxes 
that lift a subset of the NS moduli and the zero mode of the RR axion C(2)45. The vevs 
of some of these moduli then break a subset of the gauge symmetries, and their axionic 
partners (zero modes of some of the C{2)mn and C{2)amnp) are eaten by massive vectors. 
The fermions also take part in the superHiggs mechanism, and the various possibilities for 
the resulting A/" < 4 low energy spectrum are determined by the masses of the (4 — M) 
massive gravitini, as described in Ref. []T^. (See also Ref. ||TE[]). 

2.3. Energy Scales 

There are two points of view that we can adopt regarding the moduli stabilization and 
symmetry breaking just described. If we assume that the fiber and base have roughly the 
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same length scale R, then these effects occur at the Kaluza-Klein scale 1/R. However, if 
we assume a hierarchy i?fib ^ -Rbase, then these effects occur at the scale m = -Rfib/-Rbase 
3^ , which is much smaller than m^^^ = 1/-Rbase and m^^ = 1/-Rfib: 



m : m^i^, : m^^ = 1 : i?base/i?fib : (i?base/i?fib)'. (2.18) 

In the former case, it only makes sense to talk about a low energy A/" < 4 theory with 
all massive fields integrated out. In the latter, there is a consistent low energy 4D su- 
pergravity theory within which A/" = 4 is softly broken to A/" < 4 by a supersymmetric 
Higgs mechanism. We will adopt the latter point of view below. In either case, we need 
Rhase, Ruh ^ ct' i^ Order to be able to neglect higher string modes. 



3. Equations of Motion and Integrability Constraints 

Before imposing the supersymmetry conditions, let us first determine the constraints 
that follow from equations of motion alone. 

3.1. Equations of Motion 

The trace-reversed Einstein equations are 

Rmn — Tmn, (3.1) 

where Tmn = Tmn - IqmnT. 

The components of the Ricci tensor in the metric ( |2.4|) are 



Rt^u = V^V, log Z + iZ- V2v| log Zr7^,, 

Rcp = Va V/3 log Z + |Z-i/2 V| log Zd^p + \j^lp, 

Rmn = V^Vn log Z - \Z-^'''Vl log Z5^, - ^^^^ 
- |(VBm log Z) (Vsn log Z) + i?B mn . 



(3.2) 



Here B denotes the 4D base of the torus fibration. Most of the results of Sees. 3 and 4 are 
independent of the choice B = T^, so we work with arbitrary B. The operator Vg is the 
Levi-Civita covariant derivative on the base, and the Laplacian Vg is contracted using the 
base metric 

dsl = gBmndx'^dx'' (3.3) 
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that generalizes Eq. ( 2.4c ). 



In string frame, the trace-reversed stress tensor is Tmn = ^MAf +^MAf ^~^M/v^ where 

'pRR _ l„2(f> Sr^ f i r' 2 1^ 1 ? 2^ I l„2(f>f 1 ? 2 1^ 1 P^ ^ 



= 1,3 

.4/ 



T'^j^S' = -{2nfa'\e^Y.^hMN{x^) - \gMN)Q^^ ^"^ ""'^ 



(3.4) 
Here, hMNi^i) is the restriction of the lOD metric ( p.4|) to the point x = x^ in the base. 



The sum on i runs over D5 brane and 05 plane sources of charge Qi in units of D5 brane 
charge, localized at points x = x^ on the base. For B = T^, this includes 2M D5 branes of 
charge Qi = +1 and 16 05 planes of charge Qi = —2 located at the Z2 fixed points. We 
work on the covering space of the orientifold, so that there are M independent D5 branes 
at xi, /=!,..., M, and M image D5 branes located at —xj. The 05 plane charge on the 
covering space is twice the 05 charge of the "downstairs" picture. 
The dilaton equation of motion is 

V'4> - 2{V<f>r = e^^(F(i)2 + ii,F(3)^) - '^iH^s)' + (2^) V^e^ ^q /'^^ "^^^ (3.6) 



Finally, the Bianchi identity for F(3) is 



d'^{x — Xi) 



rfF(3) = -F(i) Aif(3) - (27r)VVolB^Q. ^^ (3-7) 



where Vole is the volume form on the base, 

VoIb = {gB^^^dx^ A dx^ A dx^ A dx^. (3.8) 

There are additional equations of motion and Bianchi identities for the fiuxes. These are 
discussed in Sec. 3.8 below. 

In order to make the equations of motion tractable, we will now impose one further 
restriction on supergravity backgrounds that we consider. We demand that -ff(3)a/3m = 0. 
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This condition is equivalent to restricting to the subset of vacua of this orientifold that are 
related to D3/03 orientifold vacua via T-duality in the fiber directions.ll3 We have not 
succeeded in constructing supergravity solutions with H(^2.)af3m ¥" 0- ^^^ of the complica- 
tions associated with this case is that the pseudo-BPS constraints of Sec. 3.3 apparantly 
no longer hold. The flux -ff(3)a/?m contributes negatively to an otherwise positive semidef- 
inite sum of squares. (See App. C for further discussion of this point). More significant 
qualitative differences implied by -ff(3)a/3m nonzero are (i) -B(2)a/? is nonzero, so that there 
is noncommutativity on the D5 branes, and/or (ii) there does not exist a consistent trun- 
cation of the supergravity action to the lowest Kaluza-Klein modes. See Ref. [^ for a 
discussion of the gauge algebra for certain supergravity backgrounds with -ff(3)a/?m 7^ 
and positive 4D vacuum energy. 

3.2. Gauss's Law Constraint 

Since the 05 planes and D5 branes fill all of the noncompact Minkowski directions, we 
expect the Bianchi identity (|3.7|) to imply an integrability condition that roughly demands 
that the total D5 charge vanish. 

In order to derive this constraint, let us first introduce a notation that will be useful 
throughout the paper. For any p-form c<;(p) on Xq, we write 

^(P) = ^{p) + ^(i) + ^(p)' (3-9) 

where the component w/ n is of rank i on the T^ fiber. That is, 

^{p) = -^.'^{p)m\..mvdx'^^ A ... A rfx"^^ (3.10a) 

^Ip) =V" ^ ^ip)a, ^^p) = i^" A ?7^ A uJ(p)o,p, (3.106) 



where 



^{p)a — (p_i)! ^(p)am2...TnP^3:"^ A . . . A (ix™" 
^{p)al3 = (p-2)! '^(p)Q/3m3...mP'^a:"^ A ... A dx'^ 



(3.11) 



From our restrictions on the fiux (including the additional assumption H(^2.)a/3m = made 
at the end of the last section) we have 

^(1) = ^(1)' ^(3) = ^(3)' and F(3) = F(3) + F(3). (3.12) 



The result of T-dualizing i^(3) in the directions of two of its indices is a nongeometrical 



!(3) 

compactification |54,i|. 
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Since the first two decompositions are trivial, we drop the superscripts on F(-i) and if(3) 
everywhere except in App. C, where the assumption H(^2.)af3m = is temporarily relaxed. 
We also drop the tilde on -F(3)a since F,}^-. = F,}^-. for H(^s) even. We will not need to assume 
anything about ^(5) in order to show in the next section that it must vanish. We note only 
that ujP^-. = identically for any five- form on Xq. Therefore, 

^(5) =^(5) +^(5)- (3.13) 



The utility of these definitions is that forms ( |3.10aD and (|3.11| ) can be interpreted as 



(pullbacks of) forms on the base. Noting that dF,h = JF" AF(3)q, — 77" A(iF(3)Q, the Bianchi 
identity ( |3.7| ) becomes 

dF^% = -^" A F(3), - F(i) A if(3) - (27r)VVolB^Q /'^^~^^\ (3.14a) 



together with 

dF^s)c. = 0. (3.146) 

All forms in ( p.l4a| ) are now (pullbacks of) forms on the base. So, the entire equation can 
be integrated over the base to give the Gauss's law constraint 

= iVfl,x + 5^Q^, (3.15) 

i 

where 

^flux = j^^ I^{:F- a F(3)„ + F(i) A if(3)). (3.16) 

For the case that the base i3 is T^, 

^gi = 2M-32. (3.17) 

i 

Note that this implies that A^Aux must be an even integer. This guaranteed by the Dirac 
quantization conditions, as will be shown in Sec. 3.9. 

The results of this subsection resolve a naive paradox concerning the Bianchi identity. 
In all but one of the examples that we consider in Sees. 6-8, the only nonzero flux is RR 
three-form flux and 2M < 32. Naively, we can integrate both sides of Eq. ( ^.7] ) over a 
transverse four-cycle linking all of the sources of D5 charge, to give zero on the LHS and 
(2M — 32)(27r)^Q;' < on the RHS. The resolution is that no such linking cycle exists. 
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The desired linking cycle would be a global section embedding the base in the fibration. 
However, unless the fibration is trivial (JF" = 0), there does not exist such global section.cJ 
There only exist four- chains C that locally approximate the base in the sense that they 
project to the base, nC = B, but globally necessarily have boundary. Consequently, 
J^ (i-F'(3) = Jqq -F(3) 7^ 0. On the other hand, it is true that J^ dF^^-. = 0, since this integral 
is the pullback of /^ du!(^^'j, where Kg^ = 7r*u;(3). Note that the nonexistence argument just 
given only applies to cycles linking all sources of D5 charge. There do exist (homologically 
trivial) four-cycles linking only individual D5 branes or 05 planes. Therefore, the charge 
of these objects is still well-defined. 

3.3. Pseudo-BPS Constraints 



As a consequence of the dilaton equation (|3.6|), the Bianchi identity (|3.14a| ), and the 
Einstein equation for g^^"R^^ + g'^^Rap, it is shown in App. C that 

d(^Z-^g7'{F^% + Z^*sd{g7'Z-'))^^ 

+ 2Z-1 (F(°) + Z^ *s d{g;'Z-')^ A *b (^(3) + ^' *5 ^(^7'^"')) 

+ ^S"^ (^(3)a - g^IP *B 97' J"-") A *B (i^(3)/3 - g^^r^ *B 97' :f') 

(3.18) 

Here, gs is defined by the equation 



9: 



,Z-^/2 (3.19) 



(cf. Eq. ( |2.1fc| )) and is not necessarily constant at this point, although that will be shown 
soon. Since Eq. ( |3.18| ) involves only (puUbacks of) forms on the base B, we can integrate 
both sides over B. The integral of the LHS vanishes, while the RHS is positive semidefinite 



This statement relies on the particular form of the T^ fibration ( |2.4| ), in which there are no 
fiber degenerations associated with the shrinking of a (p, q) S\ in the fiber. It is true that there 
exist, for example, elhptically fibered Calabi-Yau manifolds with global section, but this relies on 
the existence of such degenerations. 
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and vanishes only if all terms vanish individually. Therefore, we obtain the Hodge duality 
relations 

^(i) = -*s^7'i:^(3), (3.20a) 

F§^ = -Z^*Bd{g7^Z-'), (3.206) 

i^(3)o = ^S"^*B^r'-^^ (3.20c) 

F(5) = 0. {3.20d) 

We can alternatively write the first three relations as 

*F(3)=d(e-^VoU(,)), (3.21a) 

*F(i)=e-^VoU(,)Aif(3), (3.216) 

where * is lOD Hodge star operator in the metric ( |2.4| ), and Vol^(j;) is the volume form in 
the metric ( p.5|) with the point x on the base allowed to vary: 



Vol;,(,) = Z-3/2cix0123 A Volfib • (3.22) 

Here, 



-': 



and 

Volfib = yfibr?^x) A 77^(0:), (3.24) 

with Vfib given by Eq. (|2.16|) . We will refer to the constraints ( |3.20|) and (|3.21j ) as pseudo- 
BPS conditions, since (i) they arise from the equations of motion alone, with no super- 
symmetry conditions imposed, and (ii) they give a proper subset of the supersymmetry 
conditions. The existence of such pseudo-BPS conditions is a consequence of the metric 
ansatz with 4D Minkowski space in the noncompact directions, together with a property of 
the low energy supergravity theory known as no-scale structure: consistency of the ansatz 
requires vanishing 4D vacuum energy, and the no-scale structure implies that the scalar 
potential is positive semidefinite.Hj 



The canonical example of no-scale structure is the J\f = 1 no-scale structure of a theory whose 
superpotential is independent of Kahler moduli. Then, modulo D-terms, the scalar potential is 
V = '^ \diW\'^ — 3\W\'^ = Y2 \diW\'^, where ^ runs over all moduli and ^ runs over all 
moduli other than the Kahler moduli. The models of Ref. Q possess exactly this type of no-scale 



structure. In the 03 orientifolds of Refs. [30,11|, the no-scale structure is an A/" > 1 analog of this. 
For the 05 theory discussed here, the only difference is that the 03 Kahler moduli are replaced 
by a more complicated subset of the 05 moduli. See Refs. [33,18,9[. 
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Though the pseudo-BPS conditions were derived from the closed string sector equa- 
tions of motion, they have a clear interpretation in the open string sector. The interpreta- 
tion of Eq. ( p.21a ) is that Volfib is a generalized calibration for fiber-class cycles wrapped 



by the D5 branes. The mass of a D5 brane that wraps a two-cycle in the homology class 
of the T^ fiber is minimized when the two-cycle is the vertical fiber over a point in the 
base, as opposed to another cycle in the same homology class with horizontal components. 
For certain choices of fiux, such as those in the examples that we present in Sees. 6.1 and 
8.1, the S-dual of this calibration condition has already appeared elsewhere [ P5| , p7[| . The 
S-duality is discussed briefiy in Sec. 4.3. In the earlier treatment, the generalized calibra- 
tion Volfib was given a further interpretation as deriving from an SU(2) structure on the 
6D internal manifold .li^ 

Eq. ( |3.216| ) is the condition that the Myers D5 worldvolume coupling [^ 



5$3=-T5 f (e-'^VoU%)™p-F(9)0i2345™pC/x°i''Ar?4Ar?5)Tr($-$'^$P) (3.25) 

Jwv 

vanish. Here Volwv is the volume form on the D5 worldvolume. When this condition is 
not satisfied, the D5 branes are polarized by the external F(i) and -ff(3) fluxes and blow 
up into D7 branes. 

3.4- Dilaton 

The dilaton equation of motion ( |3.6| ) can be combined with the g^^R^jn, Einstein 
equation to give 

-V|(Z-ie-2^) =Z-V2e-20(^A*-(i?^^ + 2V^V.(^) +2(v2</>-2(V0)2)) 

/ ^ X (3-26) 

_ 7-1/2/ r 2 I llr 2 „-2<^ 1 rr 2\ 
-Z (^i'(i) +2 51^(5) -e "^31^(3) )■ 

(See App. C, Eqs. (C.l) and (C.5)). The RHS vanishes by Eqs. ( |3.2C1|) , so Qs as defined in 
Eq. (|3.19|) is indeed constant. 



The SU(2) structure on Xq is in this case defined by a triple of two-forms J, Re 0(2) ^-^d 
Imr2(2) on the 4D base, together with a pair of Kihing one-forms K\ and K2, such that K\ KKi = 
Volfib. 
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3.5. Warp Factor 

The warp factor Z is a solution to Poisson's equation with locahzed sources at the D5 
branes and 05 planes, and constant D5 charge density from the flux and fibration. From 
the result that Qs is constant, 

dF(^) = —d *B dZ = —Viz Vols . (3.27) 

9s 9s 

It will be shown in Sec 3.7 and 3.8 that JF", F(-3)q,, -ff(3), and F(i) are (puUbacks of) 

harmonic forms on S as a consequence of the geometrical conditions on JF" and the Bianchi 

identities/equations of motion for the fluxes. Therefore, the integrand in Eq. ( |3.16| ) is a 

harmonic representatives of H^{B, M), that is, a constant multiple of Volg. This allows us 

to replace Eq. ( p.lti| ) with the stronger relation 

^" A F(3), + F(i) A if(3) = {2nfa'Nnu.VB-' Vole . (3.28) 

Here, Vb = Jq Vole is the volume of the base. Note that from Eqs. (|3.2Ua, c| ) , we then have 
-^flux > 0. Therefore, the number of D5 branes is bounded above by (the absolute value 
of) the total charge from 05 planes, due to the constraint ( |3.15| ). 

Combining Eqs. ( |3.27|) and ( p.28| ), the Bianchi identity ( p.l4a|) becomes 



9s \ Vb ^ .Jm ) 

= (27r)V5^Q/-'^'^"'^^^ ^ 

7 ^ 



9b Vb 



(3.29) 



The solution is 



Z = l + (27r)V(7,5^Q,G'e(a:,a;,), (3.30) 



where Gb is the Green's function for Poisson's equation on the base B, 

-VIGb{x, x') = ^!(^^ _ 1 . (3.31) 

\/9b vb 



As part of our definition of the Green's function, we fix the constant component of Gb 
by requiring that JBd'^Xy/gBGB{x,x') = 0. The leading integration constant of unity in 
Eq. (|3.30|) is conventional and ensures that the warp factor completely drops out of the 
metric ( |2.4| ) in the limit of zero gravitational coupling Qs -^ 0, at fixed Vb- This fixes the 
rescaling ambiguity 

9s^\9s: Z ^ }?Z at fixed e'^ (3.32) 

in Eq. (|3T9|). 
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3.6. Base Geometry 

The only other constraint that follows from the Einstein, dilaton, and -F(3) equations, 
and is not automatically satisfied as a consequence of Eqs. (|3.20D , (|3.26| ), ( p.l46|) , and 
i WM is 

RBmn = 0, (3.33) 

from the mn Einstein equations. For compact base B, this comes close to implying that 
B is T"* or K3. Where it falls short is that Ricci-flatness implies only that ci{B) vanishes 
in if^(i3, M). There can still be a torsion component in i7^(i3, Z), as is the case for an 
Enriques surface. Such manifolds are ruled out only after we impose supersymmetry. The 
supersymmetry conditions d^x = ^BmX = of Sec. 4.4 give ci{B) = as an integrability 
condition. 

3. 7. Geometrical Bianchi Identity and Quantization of the Fibration Curvature 

For the fibration ( |2.4|) to be globally well-defined, the fibration curvature must satisfy 

dJ^° = 0. (3.34) 

This is equivalent to the triple-overlap condition on the transition functions that relate 
coordinate patches. Under a fiber coordinate redefinition, x" ^ x" -f A"({x"^}), we have 
jra _^ jra _ ^^a |-p£ App. B). Therefore, the exact part of JF" contains coordinate-gauge 
information, and the topology of the fibration is characterized by the cohomology class of 

We require that [JF"] be 2Z valued (cf. Eq. ( p.5|) ) for the following reason. First, ignore 
the orientifold operation. The subgroup oi H'^{Xq, Z) that comes directly from H^{B, Z) is 
the quotient group H^{B, Z)/{[J^"]}. This quotient is well-defined only if [J^°] e H^{B, Z). 
Then, in order to define the orientifold, we further require that JF" describe a fibration 
over i3/Z2. This is equivalent to the condition 

[J^"] Gi7^(S,2Z), (3.35) 

which guarantees integer periods of [JF"] over the cycles in i3/Z2 that descend from half- 
cycles in B. It is possible that the 2Z quantization condition can be replaced by a 2Z -(- 1 
quantization condition if one includes localized fibration curvature at some or all of the Z2 
fixed points. However, we do not consider such localized curvature here. 
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3. 8. Flux Bianchi Identities/Equations of Motion 

In addition to Eqs. (|3.14a, fc|) on F(3) , the Bianchi identities/equations of motion that 
the fluxes must satisfy are 

dF(i) = 0, rfF(5) = 0, and dH^s) = 0, (3.36) 

together the conditions 

dF(9)=if(3)AF(7), (3.37a) 

dF(7)=i?(3)AF(5), (3.376) 

rf(e-2<^if(7))=F(i)AF(7), (3.37c) 

on the dual fluxes 

F(9) = *F(i), F(7)=*F(3), and H^j) = *H^s)- (3-38) 

The middle dimensional flux F(5) is selfdual, F(5) = *-P'(5). Here, * is the lOD Hodge star 



operator in the metric (|2.4|) . In writing these equations, we have used the fact that the 
only local sources in our model are 05 planes and D5 branes. 

The conditions on the dual fluxes are automatically satisfled as a consequence of 



Eq. (|3.36| ) and the Hodge duality constraints (|3.20| ). For example, 

F(9) = *F(i) = -Z-ic/x°i23 /\ ^4 /^ ^5 /\ (*Bi"(i)) • (3.39) 

Using Eqs. ( |3.19| ), ( p.26|) , ( p.20a|) , and the Bianchi identity (i-ff(3) = 0, this becomes 

dF(9) = rf(e-'^ Vol^,)) A if(3), (3.40) 



which, via Eq. ( |3.21aD , is the desired Bianchi identity ( |3.37ap for F(9) . Eqs. ( |3.376, cj ) follow 
analogously. 



Note that Eqs. (|3.36| ) and ( |3.20q| ) imply that after imposing the equations of motion. 



F(-i) and if (3) are harmonic on i3, and -F(5)q/j is closed. Similarly, Eqs. ( |3.14fc|) , ( |3.34|) , and 
( p.20cj ) imply that JF° and F(^2.)a are harmonic on B. 
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3.9. Discrete Data versus Moduli, and Additional Moduli Constraints 

Beyond the choice of base manifold B and orientifold operation, the complete set of 
discrete data needed to define the model is the number 2M of D5 branes and their images, 
together with the quantized parts of the even fluxes and the fibration curvature ( |3.35|) . 

For later discussion of moduli stabilization, it is necessary to decompose the fluxes 
into a part that is moduli-dependent and a quantized part that only involves the discrete 
choice. For simplicity of exposition, we restrict to the case that B = T^. (The results 
of this section are analogous in the case that B = K?>, except that the absence of a flrst 
cohomology class for K?, implies that F(i) = 0, and then from Eq. ( p.20a|) , H^^-^ = 0.) 
In this subsection, we also drop all functional dependence of the moduli on x^. That is, 
we analyze deformations of the supergravity background, and do not yet promote these 
deformations to 4D fields. We restrict to deformations that correspond to moduli and not 
to gauge bosons. In the next subsection, when we discuss the kinetic terms and gauge 
couplings, the x'^-dependence and gauge bosons will be reintroduced. 

Let us write all of the internal fiuxes and potentials as the sum of a background value 
and a deformation. In the NS sector we write 



^(2) =^(2^) +^(2), 
^(3) = ^(3^+^(3) • 



(3.41) 



Since we have assumed that if (3) = if/g-, (in the notation of Sec. 3.2), we take B,R to 
have purely base components, BS = B,^. . The deformation permitted by the orientifold 
projection is a shift h{2)am in the zero-mode, or constant component,llj of the even potential 



(3.42) 



5(2)am- Therefore, 


6(2) = ?7" A 6 


(2)a, 








/i(3) = dhi^2) = 


= J^"A6 


(2)a- 




In the RR sector, we 


similarly write 








C(p) 


= ^S+C(P)^ 








^(p+i) 


= ^(p+i) +/(P+1)' 


^(p+1) '■ 




+ 



(3.43) 



(p+i)- 



To justify this usage of the term zero-mode, note that the p-forms with constant coefficients 
are annihilated by a Laplacian operator on Xq formed from a torsionful connection that forgets 
about the fibration and warping (cf. Sec. 4.4). 
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In this case, the moduh are not quite the C(p). The latter are in general multivalued 
quantities on X^ due to the action of the C'(p_2) transition functions on C{^p) when H(^^^ ^ 0. 
This subtlety is discussed in Ref. [Q. Instead, the moduli are the combinations 

C(2) = C(2) - 6(2) C'J'ff) , (3.44a) 

C(4) = C(4) - 6(2) A (Cjy/ + C(2)) - i6(2) A 6(2) A c\^^, (3.446) 

C(6) = C(6) - 6(2) A C(4) - i6(2) A 6(2) A C(2), (3.44c) 



as can be verified by arguments analogous to those in Ref. ||H^ . Here, Eqs. ( |3.44a, 6,"^ are 
relations between quantities with internal 6D indices only. 
The nonvanishing components of the background are 

^bg ^bg ^bg ^bg ^bg Ci AK\ 

"-"(O)' '^(2)mn' ^{2)am^ ^ {A)mnpq^ ^ {A)anpq-' \0.^0) 

or a subset thereof, and the moduli are the zero-modes 

C(2)mn5 C(2)a/35 (^{4:)amnp^ C{Q)aPmnpq- (^0.4DJ 

The last modulus is C(6) 456789- This is the scalar that is dual to the corresponding de- 
formation C(^2)fiu of C[2)^,v, and will be more convenient to work with than c^y when we 
discuss gauge couplings in Sec. 3.10 and the T-duality map in Sec. 5.2. 
The flux deformations that follow from Eqs. (3.44a, b~c) are 



/(3) = /(3) = dc^2) + 6(2) A F(i), (3.47a) 

7(5) = -C(2) A H\§^ + 6(2) A (F^'^gf + rfc(2)) + i6(2) A 6(2) A F(i), (3.476) 

expressable in terms of the moduli and the gauge invariant fluxes. The second equality 
in Eq. (|3.47a| ) implies that the only nonvanishing component of /(3) is /(3)q, with one 
flber index; this, combined with the earlier observation that -^"(3)0 = -f^(3)a: gives the flrst 
equality. In Eq. (|3.476| ), F(i) = F,^^, so we have dropped the superscript. 
One conseqence of Eqs. ( p.42| ) and ( p.47a| ) is that 

^" A /(3)« + F(i) A /i(3) = 0, (3.48) 

from which Eq. ( |3.16| ) becomes 



^^"^ = {2n 



W b^^ "" ^^^- ^ ^^'^ "" ^(''^' ^^-^^^ 
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independent of the moduli. 

Dirac quantization constrains the closed moduli-independent fluxes -F(i), F,^., ^(SiaB' 

(3) 



and H,3. to be representatives of 2Z-valued cohomology: 



[F(i)] G H\B,2Z), [F(^3^J e (27r)Vif2(i3,2Z), (3.50a) 

[i?(^3^)] G {2nfa'H'{B,2Z), [F}^^^^^] G (27r) V^ilf^l^, 2Z). (3.506) 

As in Eq. (|3.35| ) , the 2Z quantization of periods on the covering space B ensures Z quanti- 
zation of periods over half cycles in B that descend to proper boundaryless cycles in B/Z,2. 
We can now return to the issue of the even integer quantization of A^Aux mentioned in 
Sec. 3.2. From Eq. ( |3.49| ), we see that Aflux depends only on the discrete choice ( |3.35| ) 
and (3.50.) As a result, Afl^x satisfles Afl^x ^ 4Z, which is indeed an even integer, and is 
moduli independent, so no moduli constraints arise from the Gauss's law constraint. 

While Dirac quantization alone permits a quantized flve-form flux F,^.^^, it can be 
shown that F,^^^g = in order to satisfy the equations of motion. We omit the direct 
proof, but Sec. 5.2 contains a proof via T-duality. From the constraint ( |3.20dD , we then 
have 



(5) 



0. (3.51) 



Without imposing any supersymmetry conditions, the complete set of moduli con- 
straints that follow from the equations of motion consists of Eqs. ( |3.20a, c ) and ( |3.51|) . 



rbe 



When F(i) = H,^. = 0, the constraints simplify. Eq. ( |3.20a[ ) then implies that 

= /i(3) = ^" A 6(2)a, (3.52a) 

and the constraint ( p.51|) becomes 

^2)[aAi^('3^^]=0. (3.526) 

In this case, the complete set of moduli constraints is ( |3.20c| ) and Eqs. ( ^.52a, t\ ). 

3.10. Couplings to Gauge Bosons 

In addition to the deformations of the supergravity background just discussed, which 
when promoted to 4D flelds become moduli, there are other deformations of the super- 
gravity background which when promoted to 4D flelds become gauge bosons. In the closed 
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string sector, these deformations are the zero modes on Xq of V^^, -B(2)m/n C'(2)a^, and 
C[4)oii3mfi + 66(2)[cim|C'(2)|/3M]5 cind wiU be denoted by the lowercase symbols 

^"m' b(^2)mfj.: C(2)a^, and C(^4)af3mfj.: (3.53) 

respectively. When the couplings to these gauge bosons are included and all deformations 
are promoted to 4D fields, the kinetic term for C(2)mn is the square of 

dfj,C{2)mn - F(^S)amn''^" IJ' + '^F'{l)[mb{2)n]fi + ^"^ mnC{2)aiJ.: (3.54a) 

that for C(^4-)arnnp IS the square of 

5MC(4)amnp + ^^[mnf{4)pa\p]^^ + ^ {3)mnp'^{2)»fi + ^^ ^(3)a[mn^(2)p]/x, (3.546) 

and that for C(^6)ai3mnpq (the scalar that is dual to C(2)^u) is the square of 

0^iC{ii)a.l3m.npq - 3-f^(3)[^„p|C(4)^^|g]^. (3.54c) 

The axion C(2)a/? of Tdii does not couple to gauge bosons. 

Beyond the closed string sector gauge bosons, there are also gauge bosons that arise 
from the lowest Kaluza-Klein mode of the D5 worldvolume gauge fields Ai ^ on the wrapped 
T2 fiber. 

4. Supersymmetry Conditions 

The lOD type IIB dilatino and gravitino variations are given in App. D. Prom these 
fermion variations, we will now determine the conditions on the 6D geometry and internal 
fiux for unbroken 4D A/" > 1 supersymmetry. 

4^.1. Decomposition of lOD Supersymmetry Parameters 

In lOD, the IIB supersymmety transformations are parametrized by two Majorana- 
Weyl spinors eL,R (real and negative chirality in our conventions), which combine to form 
a single Weyl spinor e = e^ + itR. For compactification to 4D, it is desirable to decompose 
e into 4D and 6D spinors .1111 An arbitrary lOD negative chirality Weyl spinor e can be 
written 

e = u®xi+u' ®X2. (4-1) 



In this discussion, we follow Graiia and Polchinski [^. 
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where xi cind X2 are negative chirality 6D Weyl spinors, and w is a positive chirality 4D 
Weyl spinor.EJ For each pair (xi, X2) such that (|4.1[ ) gives vanishing dilatino and gravitino 
variation for aU u, we obtain one 4D A/" = 1 supersymmetry generated by u. 

Orientifold planes impose additional constraints on the spinors. Two broad classes of 
constraints are 

Xi = or X2 = Becker-type or chiral constraints, 

(4.2) 
X2 = e*"xi, a = const Andy-type or Majorana-Weyl constraints. 

Becker-type spinors are of definite 6D and 4D chirality, while Andy-type spinors are real 
up to an overall constant phase. Roughly speaking, Becker-type constraints are associated 
with 03 or 07 planes, and Andy-type constraints are associated with 05 or 09 planes or 
the heterotic theories. More precisely, 03 and 09 constraints require that the spinors be of 
pure Becker- or Andy-type; 07 and 05 constraints require that the spinors be a particular 
linear combination of two Becker- or two Andy-type spinors, such that for certain choices of 
flux we can decompose the supersymmetry algebra into A/" = 1 subalgebras, each generated 
by a spinor for which one of the two terms in the linear combination vanishes. We will 
demonstrate this for the 05 case which is the focus our investigation, and for the 03 case 
which is needed in Sec. 5. 

Independent of the details of the orientifold projection, €r is a real Majorana-Weyl 
spinor, and can therefore be written as 

eR = —={u(^X + u*^X*), (4.3) 

for some u and x? where the leading factor of l/-\/2 is for compatibility with the normal- 
ization conventions 

A,R^L,R = «^« = X^X = 1. (4.4) 

For the 05 planes of interest, the lOD supersymmetries preserved by the orientifold 
projection are generated by eL^n such that 

eL = TeeR. (4.5) 

Here, Fg is the chirality operator formed from product of Dirac matrices in the directions 
transverse to the orientifold planes, normalized so that Fg^ = 1. Similarly, we define Ffib 



18 



Note also that for e and u to be standard anticommuting spinors, xi ^-iid X2 must be com- 



muting spinors |30|. 
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to be the chirality operator in the two compact directions wrapped by the 05 plane. That 
is, Ffib is the chirahty operator on the T^ fiber, and Fg is the chirahty operator on the base 
B. Using these chirahty operators, we can decompose the 6D spinor x into components of 
definite fiber and base chirahty, 

X = X+ + X-, where 7fibX± = ±X±, 7sX± = =FX±- (4-6) 

Here, we have gone from uppercase lOD to lowercase 6D internal Dirac matrices using the 
relations Ffib = 1 ® 7fib and Fg = 1 (g) 75. (See App. A for a precise statement of our 
conventions for Dirac matrices, chirality operators, and their decompositions under lOD 
-> 4Dx6D -^ 4Dx2Dx4D). 

Applying the decomposition ( [4 .61) to Eq. (^75|), we obtain 

eL = -^(w®XL + ^*®x2), (4.7) 

where 

XL =7sX = -X+ + X-- (4.8) 

The lOD Weyl spinor e = e^ + ie^ becomes 

^/4 {x+(E)u + x*+® u*) + e'^l^ (x- ® w + X- ® ^^*) , (4.9) 



.g-*^/ 



which is the desired linear combination of two Andy-type spinors. In the case that F(x) — 
H(s) = 0, we will show in Sec. 4.2 that the supersymmetry conditions on x+ and X- 
decouple from one another, so that the space of 6D Killing spinors x decomposes into a 
subspace on which x_ = and a subspace on which x+ = 0. On either subspace, e is of 
pure Andy-type. 

For spacetime filling 03 planes, the lOD supersymmetries are generated by eL,R such 
that 

eL = -iF(6)e^. (4.10) 

Here, F*^^-* is the chirality operator formed from the product of Dirac matrices in the 
six internal directions transverse to the orientifold planes. Using Eq. ( [4.3| ), this becomes 
Eq. (Q with 

XL = -h^^h = iX- (4.11) 

So, the lOD Weyl spinor is 

e = V2ix®u, (4.12) 
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of Becker-type, as claimed. 

Although it is not directly relevant to this investigation, it is interesting to note 
that there exist supergravity backgrounds that are neither Andy-type or Becker type, but 
rather interpolate between the two p5| , |i^ . These solutions are D3-like in some regions 
and D5/NS5-like in others. Similarly, there exist dielectric flow solutions, involving D3 
branes that become polarized into D5/NS5 branes under radial flow in IIB, or M2 branes 
that become polarized into M5 branes under radial flow in M theory [ |66| , |67| . In Ref. ||67|| , 



the technique of "Algebraic Killing spinors" was developed and repeatedly applied as an 
efficient method for obtaining solutions to the supergravity equations of motion. In the 



M theory case, these supergravity solutions fit nicely into classification of Ref. |3|], which 
provides a general framework in the language of G-structures for describing arbitrary 
compactifications of M theory to R^'^ and AdSs P^l- This framework also accomodates 



the M theory dual of Refs. [^,Q. A more restrictive treatment with applications, in 
particular, to the M theory lift of IIB pp-wave backrounds has also been given ||68|| . Finally, 
recent work has shown that the correct description of the most general M^'^ or AdS^ 
compactifications of type IIB or M theory, should be given in terms of SU{2) structures 
Il4l] , ^ , |42[| . This work has brought us closer to understanding, for example, what the 
complete supergravity solution for the Polchinski-Strassler background might be, a subject 
that is currently under investigation 



4-2. Supersymmetry Conditions for RR Three- Form Flux Only 

In the case that there is only F(3) RR flux and nontrivial flbration, the supersymmetry 
conditions are very similar to those for the heterotic string with NS flux. By substituting 
the expression ( [4.9| ) for e into the Eqs. (D.7) for the IIB fermion variations, and then 
demanding that the result vanish, we obtain 

(Vm - lrM0(f> ± iC-^f (3)m)w ® X± = 0. 
After performing a Weyl rescaling 



(4.13) 



rf4ring = e^'^-^^^ds^ x± = e('^-<^")/4x±, T^' = e-(<^-<^o)/2f ^^ (4.14) 

where e*^" = Qs, these equations become 

{l0(pT\9sf(^s))u®X± = O, (4.15a) 

(Vm ± i^.f (3)m)« ® X± = 0. (4.156) 
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Here, the hatted metric is 

ds^ = Z-^/^e-^'^-'^''\r]^^dx^dx'' + dsl). (4.15c) 

Eqs. (|4.15| ) are a doubled version of the equations that formed the starting point for 
Strominger's "Superstrings with Torsion" analysis [|2|. Since the constraints on x+ ^^^ 
X- are decoupled from one another, we are free to take x = X+ or X-: and set the other 
spinor to zero. Then the starting points are identical. The results that follow from the 
same analysis are just Strominger's results, with H(^^^ -^ =i=(7sF(3), x — > x±, and (j) -^ —(/) 
compared to Sec. 1.1:11^ 

2-i/2g-(<^-</>o) ^ i^ (4.16a) 

e-2^d(e2<^J±)=±*6^,F(3), (4.166) 

d{e^'^ *6 J±) = 0, (4.16c) 

d{e^^n±) = 0, (4.16d) 

where the SU{3)± structures areE^ 

^±a' = ^xL7a'x±, (4.17a) 

^±abc = X±1abcX*±- (4.176) 

Just as for the heterotic string, e'^'^Q± is a holomorphic (3,0) form and the Nijenhuis 
tensor vanishes, so that the complex structure ( [4.17a| ) is integrable. Eq. p.l6a| ) repro- 
duces the relation ( |3.19| ) between the dilaton and warp factor. Eqs. ( [4.17a, 6| ) imply the 
relations ^j^ 

J±a'J±b' = -5a^ (4.18a) 

1 i 

— J± A J± A J± = -0± A 0± = Vole, (4.186) 

3! 8 

where Vole is the volume form associated with the metric ( ^.7| ), 

Vole = Z'^ [g^^^^^^QB) ^^^V^ A 77^ A dx^ A dx^ A dx^ A dx^ . (4.19) 
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The heterotic analogs of Eqs. ( [4.16a, d ) and ( 4.176 ) were suppressed from our short summary 



in Sec. 1.1, but follow from Strominger's analysis p,28,p7|. 

The fact that Q± depends antiholomorphically on x± is a consequence of the negative 7^^^ 
chirality of x± ■ 
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In the next two paragraphs, we derive a number of results concerning the fiber and 
base decomposition of J± and Vt± that wiU be useful for the examples in Sec. 6-8. These 
paragraphs can be skipped over, if desired, without much loss to the understanding of this 
section. 

Since x+ ^-nd X- have definite fiber and base chirality, these spinors factorize into the 
product of a 2D Weyl spinor on the fiber and a 4D Weyl spinor on the base, 

X±=Cf®C±, where 7fibCf = ±Cf , 7sC± = TC±- (4-20) 

(The tilded Dirac matrices are defined in App. A). Consequently, the Kahler form and 
(3,0) form decompose as 

J^ = jf'fib) ^ zjl, 0± = (2^i[«'=y/^r7^' A ZO^. (4.21) 

Here, the forms J^ and O^ are the Kahler form and holomorphic (2,0) form on the base, 
defined via 

J|^- = <^i7mX^, 0^_ = cf7™Cf- (4.22) 

Also, in complex coordinates, the fiber metric (p.4£|) is 

dsl. = g'~^^\^\'' + 9^S''\'\''\ ^If ^^ = g^S'^^ = TT^, (4.23) 

fib ^^ ^^ ^^ ^^ 2|Imri| 

where Vfib is given by Eq. ( |2.16| ), and the fiber (1,0) form is 

rf = dz^ + A^' , where z^ = x^ + nx^, A^' = A'^ + nA^, (4.24) 

in terms of the fiber complex structure modulus ti. 

The fiber complex structure is related to the spinors by 

j^.)p ^ ^(f^^J(:l\ (4.25) 

which implies that 



n2 



jf^"*^^ = ±Volfib, (4.26a) 

where Volflb was defined in Eq. ( p.24|) , and 

± = sign(Imri), (4.266) 
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Then, from Eqs. ( p^ ) and (|]2T|), 

1 



-J^A J| = ±Vole. (4.26c) 



So, the geometrical origin of the ± doubhng in Eqs. ( [4.16|) and ( [4.17|) is that positive 



orientation of Xq (|4.186| ) can correspond to either positive-positive or negative-negative 



orientation of the fiber and base ( ^4.26a, c] ) . 

As a consequence of Eqs. (|4.16a|) and ( [4.17&I) , Eq. ( [4.16d|) is automatically satisfied. 
The remaining conditions (|4.166, cj) are equivalent to ||29| , ^ 



F(3) T —e-^^d{e^^J±) (2,1) and primitive. (4.27) 

9s 



Using Eqs. ( [4.21| ) and ( [4.26a|) , and the decomposition (|3.12|) , this becomes 



F(0) = *B9;'dZ, (4.28a) 

^(3) (2,1) and primitive, (4.286) 

where 

G'(3)=F(i)--rfVolfib. (4.28c). 

9s 

From the results of Sec. 3.9 applied to the case that if(3) = 0, we can also write G(3) as 

G{3) = ^(3^ ' - (27r)2aVdii ^(77^ A ry^) , (4.28d) 

where 

which is the suitable generalization of Eq. (p.l5| ) to the case of nonvanishing background 
flux. 

Eqs. ( |4.28a, b^ express the supersymmetry conditions in the form that we will find 
most convenient to apply in Sees. 6-8. Given a discrete choice of F,^^ and [jF°] , we can 
easily deduce the constraints on moduli via these equations. The number A/" of supersym- 
metries preserved is 

Af = Af++Af_^ (4.30) 
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where A/± is the number of independent ± complex structures (i.e., the number of x±) such 
that these conditions are satisfied. Eqs. (|4.28|) also imply the equations of motion ( p.20|) .EJ 
The maximum amount of supersymmetry is Af = 4, A/+ = A/"- = 2, since there are two 4D 
spinors of each chirality and one 2D spinor of each chirality, from which we must construct 
the negative chirality 6D spinors x±- For nonvanishing flux, the supersymmetry is strictly 
less than this. That is, either J\f+<2 and J\f- < 2, or A/V < 2 or A/l < 2. 

4-3. S-dual Orientifolds with NS Flux Only 

The class of supersymmetric vacua just discussed is S-dual to a class of vacua with 
NS flux iy(-3) only. Such vacua have received considerable attention, so it is desirable to 
state the precise connection between Sec. 4.2 and known results. 

The result of applying S-duality to the class of orientifolds analyzed here is a class 
of dual orientifolds in which 05 planes are replaced by 0N5 planes and D5 branes are 
replaced by NS5 planes [|7^ . The orientifold operation OT4 in the original theory becomes 
(—1)^^X4 in the dual theory. In our S-duality conventions, the dual NS flux is related to 
the original RR three-form flux by 

^(3) = -^(3). (4.31) 

The S-dual metric is 

""'string ^ ""'string 

(4.32) 

where we have used Eq. ( p.l9| ) (or equivalently, Eq. ( [4.16a| )) in the second equality. We 
recognize this as the hatted metric ( |4.15c|) that appeared in the previous section. 
The S-dual dilaton is given by 

^i^'-^'o) = e-(0-0o) ^ ^1/2^ ^/ ^ g-i_ ^433) 

So, the 6D metric can be written 

ds(i^ = g^^pidx"^ -F A'^){dx'^ + ^^) + e^^^'-'i''^^gBmndx'^dx'', (4.34) 
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The equations of motion ( ^.206, c ) require that G3 be imaginary-selfdual (ISD): *6G 



(3) 



iG(^sy This is weaker than ( 4.28&D . The space of ISD three-forms includes not only primitive (2,1) 



forms, but also (0,3) forms and non-primitive (1,2) forms J Alo, where uj is a (0,1) form. 
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which is a form that has appeared previously in the hterature. Nearly identical vacua were 
described by Gauntlett, Martelli, and Waldram, in their classification of static supersym- 



metric backgrounds with NS flux only [2?]. The one minor difference is that the local 0N5 
and NS5 sources were excluded from their discussion, and as a result, the base geometry 
was required to be noncompact to avoid contradicting the Gauss's law constraint (|3.15|) . 



In the conventions of Eq. ( 4.31 ), the lOD IIB supersymmetry parameters after the 
S- duality are 

e^ = -=(ti®X-+w*®X-), 

V (4.35) 

up to a possible overall sign in e^ and/or e^ that will not concern us here. Thus, A/^ and 
A/"- , which before the S-duality counted the number of 6D Killing spinors of + and — flber 
chirality, map to the number of right and left Killing spinors, respectively, in the S-dual 
theory: 

Af^ = Af+, U'l=M-. (4.36) 



In Ref. |J2^, the metric (|4.34| ) was shown to describe supergravity backgrounds (with 
SU{2) structure in 6D) such that A/"^ > and A/"^ = 0. On the other hand, for A/"^ = 
A/"^ = 1, the metric was shown to possess an almost product structure and take the form 

ds'^ =g^^^dx''dx^ + e'^^'t'-'t">^gf^dx^dx'^, a, 6 = 4, 5, 6, 7, c,rf = 8,9. (4.37) 

Here, g\fj and (j) can depend on all six coordinates, but g\,J can only depend on x^ and x^. 

In contrast, for the orientifold backgrounds studied here, we have argued that the S- 

dual metric is of the form p.34| ), without reference to A±. For the two results to agree, it 



must be true that for A/^ , A/"- > 1, the 6D metric of the 05 theory takes a form compatible 
with both ( |4.34| ) and ( |4.37| ). In Sec. 6.2, we present an example with A/'.f = N- = 1, in 



which this is indeed the case. In this example, the base metric gBmn reduces to the product 
metric on flat 7"?g7| times flat Tf^g^, and the flbration is such that we can take 

^^ = -2nx^dx^, A^ = -2nx^dx\ (4.38) 

Also, as is true throughout our investigation, fi'^.i'*' is constant and the dilaton depends 



only on the base coordinates. Therefore, the metric (|4.34|) can be cast in the form ( [4.37| ) 
by writing 

g^^^dx^dx^ = g^^pidx"^ + ^")(dx" + A'^) + e'^^^'-'^'^Usl^^^^y 
(2) c d 2 ^^■^^'' 

9cd "^ "^ ^ '-''^T2{89|' 

Similar remarks apply to the example in Sec. 7.1, which preserves A/+ = 1, A/"- = 2 
supersymmetry. 
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4-4- Supersymmetry Conditions for More General Flux 

The generalization of Eqs. (|4.15a, l\ ) to the case of arbitrary flux ( p.lO|) and (|2.11| ) is 



(i^(/> T \9sfi^))u ® x± + (ie-(^-^°)^(3) T i<7.e(^-^°)f (1) jt. ® Xt = 0, (4.40a) 

(Vm ± i^sf (3)m)« ®X±- (ie-('^-^o) (^(3)rM + 2fM^(3)) 

± i^se('^-'^°) (f(i)f Af + 2fMf(i)) T 33g^,e-('^-'^°)f (5)fM)« ® Xt = 0. (4.406) 



In analyzing the equations of motion in Sec. 3, we made the simplifying assumption that 
H(s)ai3m = and found that F(5) = as a result. It can be shown that the same conclusion 
also follows if instead of using the equations of motion we impose the supersymmetry 
conditions plus Bianchi identities.c2l However, in this section, we will simply take as a 
starting point that both H(^2,)ai3m and F(5) vanish. 

Since the analysis below is somewhat involved, let us flrst summarize the results. We 
will flnd that the supersymmetry conditions become a reflnement of the Hodge duality 
conditions (|3.20a, 6,"^ , together with the condition that x = x_|_ + x_ is constant on the 



flber and base, 

dc.X = 0, VsmX = 0. (4.41) 

From the internal 6D point of view, Eq. ( |4.41|) says that x is covariantly constant with 
respect to a torsionful connection that simply forgets about the warping [Z) and flbration 
[A] in the metric (|2.7|) . The refinement of Eqs. ( |3.20a, 6,"^ ) is 



where 



Gd) of type (0,1), (4.42a) 

G(3) (2,1) and primitive, (4.426) 



Gd) = F(i) - 1(ZJ A J) J ("^Volfib Aifo)") , (4.42c) 

^(3)=G'(3)-^^-'/VaG(i), (4.42d) 



When there is maximal unbroken supersymmetry, the supersymmetry conditions together 
with the Bianchi identities imply the equations of motion. For reduced supersymmetry, this is 
not necessarily the case, nevertheless, it does seem to be true for the backgrounds presented in 
[^,27,11,4|, as well as those presented here. See Ref. [33| for a recent discussion. 
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and ^(3) is given by Eqs. (|4.28c|) .o Here, the symbol j denotes contraction, 



(^(p)-^(.))a,...a,_, = ^Apr-'''Bi,),...b,a....a,_,. (4-43) 



To obtain these results, first note that Eqs. (|4.4C| ) can be further decomposed based on 
fiber and base chirality. Using the assumption that -ff(3)a/3m and F(5) vanish, the dilatino 
equation ( [4.40a|) becomes 

ih'^d^^ T ^^s^(3)mnp7"^"^)x± = 0, (4.44a) 

(4.446) 

Eq. ( [4.40fc| ) can be similarly decomposed. In the M = fi equation, we can take the 4D 
spacetime spinor u to be constant on M^'^; that is, d^u = 0. (If the theory has 4D local 
super symmetry, then it also has 4D global Poincare supersymmetry) . Then, this equation 
becomes 

7^(Vsn^(</'+ilog^))7"'x± =0, (4.45a) 

-hA^(l!e"^^"'^°^%)mnp7"^"^T^se(^-^°)F(i)^7-)xT = 0. (4.456) 



Here, the leading 7^ factors can be eliminated by contracting with ^7'^. Eq. (|4.45a|) is due 



to the spin connection {w^)^rn in the metric (|4.15c| ). It reproduces the condition that Qs 
as defined in Eq. ( |3.iy| ) is constant, and it is equivalent to Eq. ( [4.16a| ), which states that 
the prefactor Z~^'^e~^^~'^°' in the hatted metric (|4.15c| ) is unity. 
For M = a, Eq. ( [4.406| ) decomposes into daX± = a-nd 



-I (^5"^-^^n T 9sF^s)c.mn)7'^''X± = (4.46) 

as a consequence of Eqs. ( [4.16a| ) and (f4.456| ). 



In case the reader is bothered by the explicit appearance of the warp factor Z in 
Eqs. ( [4.42c, d ), we note that J and j also contain implicit Z dependence, to that Z drops out of 



the moduli constraints implied by conditions ( 4.42a, q ) (cf. Sec. 6.3). We can also remove explicit 



reference to Z from Eqs. ( [4. 42c, d| ), if desired, by redefining J and j in terms of the rescaled metric 
Z^^''^ds6^, which is the restriction of the lOD string frame metric ( p.4[) to the internal space. 
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Finally, using Eqs. ( |4.16q| ), (|4.44a|) , and (|4.45fc| ), the M = n equation ( [4 .4061) decom- 
poses into VgnXi = cind 

(4.47) 

In Sec. 3, we found that the equations of motion and Bianchi identities implied a set 

of Hodge duality constraints ( |3.2UD . We can now reproduce two of these constraints from 

the supersymmetry conditions as follows. For any Hodge dual pair of odd degree forms 

on i3, 

W(3) = *ew(i), W(i) =-*B '^(3), (4.48) 

we have 






(4.49a) 
(4.496) 



From Eq. ( [4.16a| ) and the first of these identities, Eqs. ( ^4.44a| ) and ( f4.456|) become 

{dZ + g, *H F(0))^7-x± = 0, (4.50a) 

[gsF^D + *ei^(3))^7"'x± = 0. (4.506) 

Therefore, 



dZ = -*B9sF^l): 

9sF(i) = - *B -ff(3), 



(4.51a) 
(4.516) 



which are the first two constraints ( |3.20a, 6 ). 

To reproduce the third constraint and obtain the refining primitivity condition, we 
will need to introduce SU{3)l,r structures. The three spinor conditions that remain are 
Eqs. ( WMBj ), iWM ). and (lOTl) . Using Eqs. (|T6§), (Ol^), and (g^T^), the first of 
these spinor conditions is implied by the other two. So, Eqs. (|4.46|) and (|4.47|) are the 
complete set of equations that remain. Since the latter couples x+ and x_, we cannot in 
general expect to find solutions with x+ or x- set to zero. Therefore, we will write these 
constraints in terms of the spinor 



X = e(^-^°)/"x = X+ + X- 



(4.52) 
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(related to e^? by Eq. (^?3|)), and the SU{3)ji structures constructed from this spinor, 

Ja'' = ixha'x, (4.53a) 

^abc = X^1abcX*- (4.536) 

Alternatively, we could express the constraints in terms of 

XL=e(^-'^°)/"xL = -X+ + X- (4.54) 

(cf. Eqs ( [4 .71) and ( ^78|) ), and the corresponding SU{3)l structures 

JLa'' = txha'xL, (4.55a) 

^Labc = x\labcXl- (4.556) 

However, since xl is related to x by Eq. ( |4.8D , the two SU(3) structures are also related, so 
that there is no new information gained in doing this.BJ Note that in the case that x+ o^^ 
X- vanishes, we have x ^md xl equal up to a sign, and the 5'f/(3)fl and SU{?>)l structures 
are identical. This was the case in Sec. 4.2. 

Using Eqs. ( [4.16a|) , and the identities (|4.49| ), the two remaining equations becomecB 

(*6F(3) - ^rfVolfib)_7'-^X = 0, (4.56a) 

i/s 
((F(3) + ^rfVolfib)_7"^" + (^-^/'i^(l)n - ^^^/^(*6(V0lfib Aif3))^7"^n))x = 0. 

(4.566) 

With the sign conventions 

Jfk = iW6)j-k. (4.57) 

(equivalent to Eq. (A. 3b)), the nonzero components of the ACS are 

J/ = z5/, J/ = -z5/. (4.58) 

Together with Eq. (|4.53a|) , this implies that x is annihilated by "fj and 7^^, while 7j and 
7^^ act as creation operators. The spinors x? Yx* form a basis for the space of 6D spinors 



One can easily show that, for example, JLmn = Jmn, JhafS = JafS, and JLma = —Jn 
For X ^ Xl, the sign of the second term in Eq. ( 4.56^ ) is reversed. 
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of negative chirality, and %*, 7*% form a basis for positive chirality 6D spinors. Using 
Eq. (|4.536D as well, it is then possible to prove the identitiesE3 



7^^x = -i^''d7'r-^J'^x, 



rl'^ 



-O'^^^X* + (iOd'^O'^"/ 



u'-^'^h^x. 



The latter implies that for an arbitrary three-form c<;(3), 

1 



3! 



UJ 



(3). 



bcl X = -(Oj^(3))x* - Z(JJ^(3))^7'X, 



where the contraction operater j was defined in Eq. ( ^.431 ) . 

Now, define G(3) as in Eq. ( |4.28(j| ), and define the complex one- form fiixx 



G(i)„ - F(i)„ - -Z(*6(Volfib Ai:f(3))),J^, 
9s 



(4.59a) 
(4.596) 



(4.60) 



(4.61) 



which is equivalent to Eq. ( |4.42c] ). Using the Hodge duality constraint ( 3.2U6 ), the remain- 
ing spinor conditions ( [4.56a, 61 ) contracted with 7" and 7", respectively, become 



OjG(3)=0, (JjG(3))(^'°)=0, (G(i)) 
Q^ ^(3) = 0, (-Z Jj ^(3) + Z-^/^G^^)) 



(1,0) 



0, 



(1,0) 



(4.62a) 

(4.626) 



where we have made use of the identity ( [4.59fc| ). Eq. ( [4.42aD implies the Hodge duality 
condition ( |3.2U/:| ). The constraints on G'(-3) are equivalent to demanding that G'(-3) be 
primitive and of type (2, 1) -|- (1, 2), where G(^s) is given by Eq. ( [4.42a] ). 

Using this result, the original noncontr acted constraints ([4.56[ ) eliminate the (1,2) 
primitive piece via identity ([4.59a[) . Thus, our final condition on G(3) for supersymmetry 
becomes Eq. ( [4.42^ ). This implies, among other things, that ^(3) is imaginary-selfdual 



(ISD), which in turn reproduces the remaining Hodge duality condition ( [3.20c] ). 

To summarize, the complete set of conditions for solutions to the equations of mo- 
tion with A/" > 1 supersymmetry consists of the constancy conditions ( [1.41[ ), the con- 
straints ( [3.2Ua[ ) and ( [4.16a[ ) relating the dilaton and F/g-, to the warp factor, vanishing 
five- form flux ([3.51[ ), and finally the fiux constraints ( [4.42a, 6[) . 



Similar identities have appeared in numerous places. See, for example ref. |71]. 
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5. Relation to T-Dual 03 Orientifolds 

The 05 orientifolds just discussed are T-dual to 03 orientifolds on T^ x K3 for B = K3 
and on T^ for B = T^. For the rest of the paper, we will restrict to the case that B = T^. 

5.1. Review of 03 Orientifolds with Internal T^ 

In this subsection and the next, symbols with (without) a prime denote quantities 
associated with the 03 (05) orientifold. The orientifold projection for 03 planes has 
already been discussed in connection with the decomposition of the lOD super symmetry 
parameters e^ ^ in Sec. 4.1. The even internal fluxes preserved by the orientifold projection 
are FL^ and iJ/g-, . Except in the case that 03 and D3 charges cancel locally, the equations 
of motion also require odd F',^^ flux. For compact internal manifold Xg, the most general 
M' > 1 03 orientifold background compatible with 4D Poincare invariance is |^ 

t^sLing = Z'-^/^r]^^dx^'dx'' + Z'^/'^dsl, (5.1a) 

e'^ = g's = const, (5.16) 

Ivi, Z' = (2.ra- J: Ql ('-^^ - i,) . (6.1c) 



9s 

F^'j.^ = (1 + *6)d{g'-^Z'-^dx^ A dx^ A dx^ A dx^), (5. Id) 

where Xq is a Calabi-Yau threefold, K3 x T^, or T^, and Vq is the volume of Xq. 
The Gauss's law constraint is 

Afflux + E^^ = 0' ^^^^^ Ar^ux= (^l ,2 [ ,F(s)^H[,y (5.1e) 

Here, {{Q[,Xi)} is the set of charges and positions of local 03 and D3 sources, with Q[ 
equal to 1 for a D3 brane. We assume that all 03 planes are standard 03~ planes in the 
terminology of Ref. [^ , and work on the covering space of the orientifold, so that there 
are M D3 branes and M Z2 image branes. The orientifold operation is 0(— 1)^'X6, where 
Iq inverts Xg. For Xq = T^, the 03 planes are located at the 2^ fixed points on the base 
where each x" is equal to or 1/2, and each 03 plane has charge Q[ = —1/2. 

In the absence of three-form flux, the theory preserves 4D A/"' = 4 supersymmetry. 
The 4D moduli are the zero-modes on Xq of 

Tdil =C'(0)+Vfi's' 9e,ab^ ^(2)ab' ^^^ ^{A)abcd^ (^-2) 

41 



together with the D3 worldvolume scalars $/, / = 1,...,M. The massless 4D gauge 
bosons are the zero-modes of 

B[2)^a and C;2)^„, (5.3) 

together with the D3 worldvolume gauge bosons Aj ^. 

In the presence of three-form flux, the supersymmetry and massless field content is 
reduced 0. For the case that Xq = T^, this model has been analyzed in great detail | |TI| , |5n[ . 
The possible choices of NS and RR three-form flux are H'^^y F^^^ G {2n)^a'H^{T^,2Z). 
That is, 

HL-j = {2'n:)'^a'm[abc]dx"' A dx^ A dx^, mj^bc] ^ 2Z, 

(5.4) 
F/g-) = {2n)'^a'n[abc]dx°' A dx^ A dx'^, ""-[afec] ^ 2Z, a,h,c= 1, . . . , 6. 

Without imposing any supersymmetry conditions, the equations of motion alone imply 
the ISD condition 

^eCjg) =2^(3), (5.5) 

where 

G'fs) = ^('3) - Tdii'i^(3)- (5.6) 

Since if/g-, and FL-. are discrete, this is a constraint on Tdn' and metric moduli. 
The condition for M' > 1 4D (Poincare) supersymmetry further reflnes this to 

G^g-) (2,1) and primitive. (5.7) 

The complex structure on T^ can be parametrized by a complex 3x3 period matrix r'*j, 

z'=x' + T"jy^, (5.8) 

where z* = 2;* -(- 1 = 2;* -(- r'*j, for i,j = 1, 2, 3. The holomorphic three-form is 

n' oc dz^ A dz^ A dz^ , (5.9) 

which depends on the complex structure moduli up to cubic order in the period matrix. 
The Kahler form is 

J' = ig[-dz' Adz^. (5.10) 

42 



The (2,1) supersymmetry condition is easily implemented by varying the superpoten- 



tial of Gukov, Vafa, and Witten 5 1 



WGyw= / G';3^A0', (5.11) 



^'e 



with respect to Tan' and all complex structure moduli r'*j, and in addition imposing the 
condition Wqvw = 0. (The latter follows from OpWcvw = 0, where p is the complexified 
overall volume modulus P,|lll.) For generic supersymmetric vacua, this fixes Tdii and 
all of the complex structure moduli, but for nongeneric fiux, some of these moduli are 
left unfixed. The primitivity condition then becomes a linear constraint on the g'^j, with 
coefficients determined by the fiux and axion-dilaton. One subtlety in this procedure for 
X'q = T^ is that not all of the (18 real) r'*j and (9 real) g^j correspond to the (21 real) 
physical metric moduli. See App. E for further discussion. Due to the subtleties discussed 
in App. E concerning Wqvw in theories with extended supersymmetry, we have chosen in 
this paper to avoid any reference to a superpotential for the 05 orientifold, and instead to 
state the supersymmetry conditions directly in terms of conditions on the fields. 

In the 03 orientifold, the decomposition of RR potentials into a background part Ci f 
and deformation c', w 

C'i,) = Ctf + c[^,. (5.12) 

is cleaner than it was for the 05 orientifold. First, set the gauge fields to zero and focus 
on deformations corresponding to moduli. Then, 

^(0) = ^(0)' ^(2) = ^(2) ' (5.13a) 

and it is only in C/^n that both contributions appear: 

C[,^ = C[lf + c[,y (5.136) 

Here, FL., -^fsi' ^^'^ -^/sv ^^ given by Eqs. (|5.4|) and (|5.1cj ), satisfy 



771/ _ ^/^'bg 
^(3) - "<-^(2) 

-^(5) - "*-^(4) ~^{2) /\-"(3)- 



(5.14) 



In addition to the deformations just discussed, there are other deformations of the 
supergravity background which when promoted to 4D fields become gauge bosons. In the 
closed string sector, these deformations are the zero modes on Xq of BL-.^ and CL)^ , 
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and will be denoted by the lowercase symbols &(2)du ^^^ ^'(2)du,^ respectively. When the 
couplings to gauge bosons are included and all deformations are promoted to 4D fields, 
the kinetic term for C/^n j^^^ is the square of ||6^ 



^MC(4)abc/ + 4-P'(3)[abc|^(2)|/]M ^ ^^ {?,)[abcf{2)\f]^.- (5.15) 

If we define complex gauge bosons 

'^ap = C(2)a^ - Tdil 6(2)a/x' ^-^^^ C^ap = C(2)a^ - Tdil 6(2)a/x' (5.16) 

then Eq. ( p.l5[ ) can also be written as 



1 

Im Tdii' 



^MC(4)abc/ - TZ-—l^'^y^^mabc\d\f]A- (5.17) 



5.2. T-Duality Map 



In this subsection, as in the previous one, symbols with (without) a prime denote 
quantities associated with the 03 (05) orientifold. Let Xq = T^ and B = T^. Then, the 
metric on Xg can be written as a trivial T^ fibration over B: 

ds'i = dsl + g^^^'i'^r)'^, 77'" = rfx" + a'", (5.18) 

where trivial means that JF'" = da'"' = 0. The use of a lowercase a'° indicates that 
the a'^rnn are moduli rather than a quantized background. Until the very end of this 
subsection, we set all gauge fields to zero. 

For the 05 orientifold, we write NS S-field as i?(2) = B,^. +^(2)5 where, from Sec. 3.9, 



„"■ 



^S = ^m = kB^2)mndx^ A dx' , 

(2) (2) 2 K ) ^g_^g^ 

^(2) = ^(2) = ??" A 6(2)a, with 6(2)a = h^2)a^dx'^ . 

The NS S-field for the 03 orientifold is given by B[^^ = B'^^^, where ^[2^ = B'^^^^^ + B'^^^^^ , 
and 

S;^gi = r7'"AS;^f , with S;^f =B%^ dx^^. 

(2) ' (2ja' l2)a {2)am 

T-duality is an exact duality between string vacua that relates conformal field theories 
order by order in string perturbation theory. At the level of the conformal field theories, it 
is has the simple interpretation as the sign reversal X'^[z) -^ ~X'^{z) of the right-moving 
worldsheet scalars in the duality directions. However, in the low energy supergravity 
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description, it involves an intermediate operation known as smearing. In the 03 orientifold, 
the locations of the 03 planes and D3 branes spontaneously break the translation isometries 
in each of the internal T^ directions. The breaking is spontaneous in the sense that, on 
the Z2 covering space, the entire 03/D3 system can be translated by an arbitrary amount 
along any of the T^ circles, to produce an inequivalent vacuum with identical relative 
03/D3 positions and identical physics. The space of vacua respects the isometry, but 
a particular vacuum does not. Smearing is the operation of averaging a supergravity 
background over all vacua related by such translations in order to restore an isometry. To 
perform the T-duality between the 03 and 05 supergravity backgrounds, we first smear 
in the 4 and 5 directions and then perform the supergravity analog of the conformal field 
theory T-duality in these directions. The information about D3 brane positions lost in the 
smearing is recovered in the Wilson lines of the of D5 worldvolume gauge fields in the 4 
and 5 directions. 

The effect of the smearing is that the warp factors Z and Z' are related via 

^ = ^smeared = TTT / '^O^fib ^ ' (5-21) 

where 

VoC = V^v" A r7'^ and V^^ = (^(^-)') '^^ = (2rr)4a'V^flb, (5.22) 

which is easily seen to relate solutions of the 6D Poisson equation (|5.1c| ) to solutions of 
the 4D Poisson equation (|3.29| ). 



The T-duality action on the dilaton is 

e'^(27r)V/(Z-Vfib)=e'^', (5.23) 

or equivalently 

gsi27r)^a'/Vi,^ = g',. (5.24) 

The T-duality action on the NS S-field and metric interchanges the geometrical S^ fi- 
bration of connection a'" with the formal S^ fibrations of connection B',^f .c3 The relations 

(2)a 

are ""^^ 



m 



b(2)a = -a'" (27r)2a', (5.25a) 

B<i, = B'^lf + a'- A B'^ll^ (5.25c) 



This point has been emphasized recently, first in Ref. [ [72[ (and subsequent work JT^]) and 
then in Ref. |3|]. 
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together with 

9Bmn = 9Bmn- (5.25e) 

Note that the T-duahty map does not leave the purely base component B^^s invari- 
ant." Nevertheless, the correction term in Eq. (|5.25c] ) has a straightforward interpretation. 
Let underscored indices n,a,m denote components in the dx^ , dx"" , dx^ basis as opposed 
to the fibration-adapted bases involving 77" or 77'". Then Eq. ( |5.25c| ) is equivalent to 

b";^. =s;S . (5.26) 

This illustrates an important rule. Many (but not all) of the T-duality relations 
connecting 03 and 05 orientifolds take the simplest form when expressed in terms of the 
(ix", 77", dx^ basis for the 05 orientifold and the dx^, dx", dx^ basis for the 03 orientifold. 
This is perhaps to be expected, since in the 03 orientifold there is nothing special about the 
a = 4, 5 directions — any other pair of directions could have been used to define the fiber of a 
flat T^ fibration. The three-form fluxes of the 03 orientifold are of the moduli-independent 
form (|5.4|) . Thus, -^^(3)0,^^ and Hi^^^^ are quantized and moduli-independent, whereas 



^(3)mnr i^volves a Combination of quantized fluxes and the metric moduli a'"rnn- From 
the T-duality map (|5.25| ), the relation between quantized NS sector fluxes is 

•^;^n = ^(3)a™/((2^)'«') a^d i:f(^3^)_ = if;3)_. (5.27) 

The relation between NS sector moduli has already been given explicitly in Eqs. ( ^.25a, cCel) . 

The rule described in the previous paragraph is particularly applicable to the T-duality 

action on RR fluxes and moduli. The T-duality relations between RR fluxes are [l7^ , |64| , |75| 



^(^) = ie"^nn+2)a,/((2^)^«'), 

Here e*^ = — e^^ = 1, and we have assumed that the ordering of the T-dualities in going 
from the 03 theory to the 05 theory is that we flrst T-dualize in the 4-direction and then 
in the 5-direction. 



I am grateful to A. Tomasiello for correspondence regarding this point. 
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In Eq. ( |5.28| ), both sides involve a combination of moduli-dependent and quantized 
contributions. It is desirable to disentangle the two types of contributions. When the RHS 
is expanded in terms of a'", C/q-,, and underscored flux components, the relations become 

i^(i)^ = (i^(3) - c'(o)if;3))45^/(27r)2a', (5.29a) 

i^(3)/3mn = -e^" (^^(3) " C(0)^(3))amn " ^a'^f^] (^('3) - c[o^H[^^) ^^^, (5.296) 
F(5)45mnr = -((^(3) " ^[o)^i3)) rnnr ~ ^^'"[inl (^(3) " ^(0)^(3)) a|nr] 

+ 6a'^[mja'V|(F('3) - c[o)H[^-^) j{2n)^a' . (5.29c) 



In addition, the map of odd fluxes is 

F(3)mnr= (^('5) smeared) 45mnr/(2^)^«'- (5.29d) 

Here, the flve-form flux in the smeared supergravity backround is 

-^(5) smeared = ~7 ^^hh *B'^^smeared- (5.30) 

9s 

By Eqs. ( [5.21| ) and ( p. 24] ), Eq. ( |5.29dD agrees with Eq. ( fJ.2Ufc| ). In the remaining relations 
( ^.29a, 6,"^) , we can drop the components HLs^^^^ which necessarily vanish for the T- 
duality map to exist (cf. Footnotes 7 and 12). Upon setting these terms to zero and using 
the map (|5.25a| ), Eqs. ( |5.29c, d|) can be identifled, term for term, with Eqs. ( p.43| ) and 



( p. 47a, t\ ). The result is that the T-duality map between quantized fluxes is 



^(l)m=^(3)45rn/(2^) «'' (5-31a) 

-^(3)4mn = ~^(3)5mn ^ud ^(3) 5^^ = ^(3) 4mn' (5.316) 

^g45rnn. = -n3)nH^(2^)V, (5.31c) 

and the axionic partner of the dilaton maps as 

C(2)45 = -(27r)^a'c(o). (5.31(i) 
Prom -f^(3)45^ = together with Eq. (|5.5|) , the flux components FL.^^ vanish. Therefore, 
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which is a result that we stated without proof in Sec. 3.9. Eqs. (|5.31d|) and (|5.24|) together 
give 

Tdii = Tdii', (5.33) 

where Tdii is defined in Eq. p.29| ) and Tdn' in Eq. ([5.2|). See App. F for a discussion of the 
T-duahty map between RR potentials. 



The T-duality map between supersymmetry parameters is [^ 






in agreement with the results of Sec. 4.1. Here, as explained in Ref. |7^, given a vielbein 
e'^^M such that fi*^/^ = Vab^'^m^'^ n in the 03 theory, one obtains two different vielbeine 
(eL,fl)"^M in the dual 05 theory, and correspondingly two different Dirac matrix repre- 
sentations {Tl^jijm = {gl,r)^m^Ai for fixed choice of representation of Ta satisfying the 
algebra {F^, F^} = "^Vab- The two vielbeine are related by a local Lorentz transformation. 
In writing Eq. ( ^.34|) , an arbitrary choice has been made to define 

Tm = (rfl)M = (efl)^MrA, (5-35) 

and to re-express {eL)^M in terms of (ejij^M whereever it appears. The net effect of this is 
to supplement T-duality with a local Lorentz transformation in the left moving worldsheet 
sector, which leads to nontrivial T-duality map of e^. 

Finally, when the deformations of the supergravity background corresponding to 4D 
gauge bosons are reintroduced, the T-duality map between these deformations is 

^ (5.36) 



6. A/" = 2 Examples 

In this section, we present three A/" = 2 examples in succession. The first two examples 
contain F(3) fiux only, while the third example also contains F(i) and if(3) fiux. The three 
examples are T-dual to the same 03 background, given in Sec. 6.4, via three different 
choices of the cycles on which to T-dualize. 

48 



6.1. Example 1: U+ = 2, U- = Q 

Consider the choice of fibration curvature and background flux 

J^^ = 2n{dx^ ^ dx^ + dx'^ ^ dx^) , J^^ = 0, (6.1a) 

F(^3*= V((27r)2a') = -2mr]'' A {dx^ A dx^ + dx'^ A dx^), (6.16) 

with F(i) = if(3) = 0. This choice gives a contribution to the Gauss's law constraint, 

iVflux = 8mn, (6.2) 

so that Eq. ( |3.15| ) becomes 

2M + 8mn = 32. (6.3) 

As discussed in Sec. 3.2, A^Aux is nonnegative. So, m and n have the same sign, and the 
number of D5 branes is 2M = 0, 8, 16, 24, or 32, depending on the choice of integers m 
and n. We assume that tti, n 7^ 0, so that 2M is strictly less than 32. 
The complex three-form flux is 

-G(3) = 2m[r]^ + {n/m)TAiirf) A {dx^ A dx^ + dx'' A dx^). (6.4) 



(27r)2a' 
If we deflne an almost complex structure via (cf. Eq. (|4.24| )) 

dz' = dx^'+^ + T'jdx^^+^, i, j = 2, 3, 
then, using the decomposition ( [4.21| ), the type (2,1) condition on the flux is 



(6.5) 



Ti = (n/m)rdii and det2x2T = -1- (6.6) 

Note that the flrst condition implies that only for large flber complex structure Im ri ^ 1 
can we simultaneously have Qs ^ I and Vfjb ^ ct' ■ Eq- ( |6.6|) is equivalent to demanding 
that the two factors appearing in ^(3) be of deflnite Hodge type: 

rj^ - {n/m)Tdi\rf of type (1,0), 

(6.7) 
dx^ A dx^ + dx'' A dx'^ of type (1,1). 

Thus, from Eq. ( |6.1q| ), the complex flbration curvature JF^ = J-'^ + riJF^ is also of type 
(1,1). This provides a check of our formal result that the complex structure is integrable 
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in the case of RR three-form flux only. The vanishing of the (0,2) component of T^ is all 
that is required for the fibration to be holomorphic; that condition is satisfied. 
Finally, the primitivity condition is 

J® A [dx^ A dx^ + dx'^ A dx^) = 0. (6.8) 

Not all of the r*j and gsij left unfixed by these constraints correspond to independent 
physical moduli. (This is the T^ version of the ambiguity discussed in App. E.) We can fix 
the redundancy at the cost of breaking manifest SU{2) covariance in the parametrization 
of the metric and complex structure on the base T^. We write the T^ metric as a flat Tf^^^ 
flbration over Tj^^x, 

ci4 = -^|^ + r277^P + -^|rfx« + r3dx9|', (6.9) 

Im r2 Im Ts ' ' 



where 



"^ — oJ adx^ + a^ ndx^ , 



(6.10) 



Tj = a ^ax -\- a gc 
with JP'™' = da^ = 0, m = 6, 7. We take the (l,0)-forms on Xq to be 

?7^' =77"* + Tiry^, ^^"^ = ^ + r2?7^, and dz^ = dx^ + r2,dx^ , (6.11) 

instead of those given in Eq. (|6.5|). Then, 

O^ = {tT^ 1 ) '^' (^ + ^2^) A {dx^ + r,dx') , 

V|Imr2||Imr3|/ (6.12) 

J^ = (signr2)y2?f Arj'^ + (signr3)V'3rfa;^ A dx^. 
The (2,1) condition becomes 

n = (n/m)rdii, (6.13a) 

r2r3 = -1, (6.136) 

and the primitivity condition becomes 

a% = a's. (6.14) 



The constraints on NS S-fleld moduli follow from Eqs. (|3.52a, l\ ). These equations 
become 

= /i(3) = ^2) 4m^^ A dx"^, (6.15a) 
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and 

= -\2)5mdx^^F^i),. (6.156) 

respectively. The first equation eliminates 6(2) 4m) cind the second h(2)5m- So, there are no 
NS S-field moduh. 

The massless RR moduli are those that do not couple to the gauge fields. (Those that 
do are eaten via the supersymmetric Higgs mechanism). From the kinetic terms ( |3.54| ), 
they are 

C(2)897 C(2)78, C(2)697 C(2)675 C(2)68 - C(2)795 and C(2) ^,. ^ C(6) 456789- (6.16) 

Similarly, the massless gauge bosons are those that do not couple to RR scalars. From 
( p.54|) , they are the three linear combinations of f^^, v^ ^, C(2)4/i, and C(2)5^ orthogonal to 

{2Tifa{m/n)v^^ + C(2) 4/x, (6-17) 

where orthogonality is defined by the metric appearing in the gauge kinetic terms. (See 
Sec. 6.4 for further discussion in the context of the dual 03 orientifold). 

Finally, there are 6M massless scalars A/q,, $/"^ and M massless gauge bosons Aj ^ 
from the D5 branes. 

In summary, the massless bosonic fields are one graviton, 3 + M vectors, and 16 + 6M 
moduli. The moduli consist of 



^b, ^2, V3, 2 indep r, 3 indep a^ 



m 



6 C(2) scalars, and 6M D5 scalars. 

These fields combine to form one 4D J\f — 2 gravity multiplet, 2 + M vector multiplets, 
and 3 + M hypermultiplets. 

The amount of unbroken supersymmetry is 

Af+ = 2, 7V_ = 0, (6.18) 

in the notation of Sec. 4.2. To verify this, first note that since Vfib,fi's > 0, we have 
ImTdii > 0. Then, from the moduli constraints, Imri > 0. So, J^^ = +Volfib, and we 
conclude that x = X+ and A/"- = 0. Next, observe that there is exactly one antiholomorphic 
involution of Xq compatible with the constraints on complex structure moduli: 

Tur'j^Tuf'j (6.19) 

(or equivalently, ri,r2,r3 -^ Ti,f2,f3 in the complex structure (|6.11D ). Therefore, there 
are two independent 6D Killing spinors. The spinors are of the form 

Xi+ = C?®C?, X2+ = C?®Cf, (6.20) 

for some (^ and C+5 and are related by complex conjugation of the base. 
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6.2. Example 2: X+ = M- = 1 

Choose fibration curvature and background flux 

J^^ = 2ndx^ A rfx^ T^ = 2ndx^ A dx^ (6.21a) 

F^^f/{{2nfa') = -2m{r]^ A dx^ - r]^ A dx^) A dx^ . (6.216) 

Again, m, n, and M are constrained by Eq. (|6.3|) . The complex three- form flux is 

-^^^^^(3) = 2nrdii (ry^ A dx'^ - rf A dx"^) A {dx^ + (m/n) (-l/rdii)c/x^) . (6.22) 

Define the complex structure as in Eq. ( |6.5|) . Then, the type (2,1) condition gives 

T2X2 = diag(r2, ts), (6.23a) 

ri = r2, (6.236) 

ra = (m/n)(-l/rdii). (6.23c) 

So, the base factorizes into T|^6 ^yi x T?^8 ^g. with respect to complex structure. Primi- 
tivity implies that gsij factorizes in the same way. Therefore, the base metric takes the 
form 

^2 ^2 I , 2|2 , V3 I 3|2 /« 0/l\ 

dsn = -. :\dz ^ \dz\ . (6.24) 

I Im T2 1 Im Ta 

Here, we have removed the absolute value bars from Im ra since the nonnegativity of Im raii 

and mn implies nonnegativity of Im(— l/ra) and Imrs. 

From Eqs. ( p.52a, ^ ), the constraints on NS S-field moduli are 

= /l(3) = (6(2) 4m-^^ + ^2)5m^') A rfx"^, 

= -271 (6(2) 4m (ix'' + 6(2)5m'^a^^) A dx^ A dx'^ (6.25a) 



and 



^bg _ h Ar^rn A l?bg 



= 6(2) ^rndx"^ A F(3^ 5 - 6(2) ^rndx"^ A F^g^ 4, 

= -2mdx"^ A (6(2) 4mC^a^^ + ^(2) Sm^^a^^) A dx'^ . (6.256) 



These equations are equivalent to 



^(2)49 = ^(2)59 = 0, 6(2)56=6(2)47, (6.26a) 

^(2)48 = ^(2)58 = 0, 6(2)56=6(2)471 (6.266) 
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respectively. So, there are three unconstrained NS S-field moduh, 

^(2)46, ^(2)57, and 6(2)56 + ^(2)47- (6-27) 

In the RR sector, the uneaten moduh that foUow from the kinetic terms (|3.54|) are 



the uncharged scalars 

C(2)675 C(2)895 ^(4)4589, 0(4)5739, ^(4) 4739 + C(4) 5589, and C(2)^;y ^-> C(6) 456789- (6.28) 

The massless gauge bosons are those that do not couple to RR scalars. From ( |3.54|) , they 
are the three linear combinations of 6(2)8^5 6(2) 9^5 C(4)458^, and 0(4)459^ orthogonal to 

{2nfa'{m/n)b(2) Sfi - C(4) 459^' (6-29) 

where orthogonality is defined by the metric appearing in the gauge kinetic terms. (See 
Sec. 6.4 for further discussion in the context of the dual 03 orientifold). 

Finally, there are 6M massless scalars Aj a, $/"^ and M massless gauge bosons Aj ^ 
from the D5 branes. 

In summary, as in Ex. 1, the massless bosonic fields are one graviton, 3 + M vectors, 
and 16 + 6M moduli. However, the moduli now consist of 

Vfib, V2, V3, 2 indep r, 3 indep 6(2)am, 
3 C(2) scalars, 3 C(4) scalars, and 6M D5 scalars. 

These fields combine to form one 4D J\f — 2 gravity multiplet, 2 + M vector multiplets, 
and 3 + M hypermultiplets. 

The amount of unbroken supersymmetry is 

Af+ = 1, 7V_ = 1, (6.30) 

in the notation of Sec. 4.2. Due to the factorization B — T?2\ x T?^^ and the earlier 
observation that Imra > 0, we can write 

X± = Cf®C±, where C± = Ci'^ ® C^'\ (6-31) 

for some C^*^, (j. and Q . Here, Q^' is a spinor on T?i^, and the chirality of Q^' is fixed 
by the condition Imra > 0. The two 6D Killing spinors x+ and X- are related by complex 
conjugation oi T^^ and T?2\, 

Tl,T2,T3 ^ fi,f2,T3, (6.32) 

that is, 

Cf = e*, Cf =e)*. (6.33) 

53 



6.3. Example 3: More General Flux 

Choose fibration curvature and background flux 



T^ = -2ndx^ A dx^ (6.34a) 

F(i) = 2mdx^ (6.346) 

F^^^^/{{2n)^a') = -2mr]^ A dx'^ A dx^ (6.34c) 

T-bg 

■(3)' 



H'?§J{{2'Kfa) = 2ndx^ A dx^ A dx^ (6.34rf) 



Again, m, n, and M are constrained by Eq. (|6.3|) . The flux ^(3) is 
1 



(27r)2a 



G(3) = -2mr7^ A dx'^ A dx^ - 2nrdii(ix^ A dx^ A dx^ + 6(2) A 2m(ix^. (6.35) 



Prom the moduli constraints, it is possible to show that 6(2)? J^ and the complex structure 
all decompose as (49) ©(5678). We omit the proof here, since it is tedious and uninstructive; 
however, this factorization is dual to an analogous factorization for the 03 orientifold 
discussed in the next subsection. Due to the factorization, we have 

dsxe = dslers + dsjg, (6.36) 

where the most general metric in the 5678 directions can be written as 

dsL78 = T^^\V^ + TiZ^/^^^l" + Z—^ldx"^ + r2dx'^f, (6.37a) 

I Im Ti I I Im r2 1 

with 

^8 = dx^ + a^^dx"", m = 6, 7, (6.37c) 

parametrizing a flat S^ fibration, and the most general metric in the 49 directions can be 
written 

dslQ = -^^\dx^ + T3Z^/^dx^f. (6.38) 

llmrsi' ' 

Here ti and T3 are pure imaginary, but T2 can have both real and imaginary parts. 
In this parametrization, the (3,0) form and Kahler form are 

1 /2 

O = ( ^l^^^l, :] iv' + nZ'/^Tj") A ZV2 (dx' + r2dx') A (dx^ + rsZ'/^dx^) , 

\ I Im Ti 1 1 Im T2 1 1 Im T3 1 / 

(6.39a) 
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and 

J = Z^l'^vxrf A?f + Zv2dx^ A dx^ + Z^/'^v^dx^ A dx^ , (6.396) 

where the lowercase Vi are signed volumes, 

Vi = Visign{lvaTi), i = l,2,3 (no sum). (6.39c) 

By expressing iJ(3) in terms of ry^, rf', dx^, dx'^ , dx^, dx^, and using the factorization of 6(2)7 
we find that 

i(ZJ A J) J (Volfib Aif(3))/((27r) V) 



^fib (.7 . ^(2)58 6 _ ^-1/2^1/^ ^(2)57 _ ^(2)58 . 

^i^aV (27r)V z;2V(27r)V (27r)2a' 



5 



2n^^ dx' + jT^^dx^ - Z-'i'-\ -^^ - ^^S»7 +S»6 r?° . 
f if3 \ ylTxya' f2V(27r)a (zyrj^a' / / 

(6.40) 

Prom Eq. ( [4.42c] ), the complex one- form flux is then 

. (27r)^a'i;flb / 7 1 A .mt;it;3^A,6 
G(i) = -2m dx + TTT-T^- 0(2) 58 + « \dx 

^-1/2^1 / ^2)57 ^2)58 -g , ~8 \ 5^ (f. 4. x 

V2\[2Tv)^a' \lTxYa' J I 

The supersymmetry condition that G'(i) be of type (0,1) implies that 

^(2)58-« , (6.42a) 



/o ^2 /I l^j ao 

r2 (27r)"=a' V ?^ ffib 

^^6 = -^27r)2a'(^(2) 57 - ^(2) 58^^) ■ 

The second equation is equivalent to 

A = -&(2)57/((27r)V), (6.426) 

where the indices 6, 7, 8 refer to components in the dx^ ^ dx''' , rf basis (cf. Eq. (|6.37(^) ). 
When these constraints are satisfied, 

_2m(27r)2aVb^-2^ where dz^ = dx^ + T2dx\ (6.43) 

T2 VlV2,gs 
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This takes care of the condition on G(i). The remaining supersymmetry condition 
( [4.426|) on G(3) is most easily imposed by first demanding the weaker condition 



Z^/'^J^Gi^)=iG^i) (6.44) 

(cf. Eq. (|4.62D ). From the above expressions for J and ^(3), we obtain 



zVV.G(3)=2rni^^^fc^x^+(^(^rau+7Sl^)+7Sl^)cixM (6.45) 



(27r)V / 7 (Vi^ fn ^2)49 \ ^2)58 ^ ^^6 

vi [ ^ \vs [m ""''^ (27r)Vy' ^ (27r)2a' 
Identifying this with «G(i) gives the constraint 

(n/m)rdii = (-6(2)49 + ^^^3)/((27^)^a'). (6.46a) 

This constraint aUows us to simphfy Eq. ( |6.42a| ) to 

-l/r2 = (-6(2)58 +^^i)/((27r)V). (6-466) 

The tilded three-form flixx is then 

G(3) = {{27vfa'm/{viT2)) [virf ATj^ - vsdx^ A dx^) A {dx^ + T2dx^). (6.47) 

The first factor is (1,1) and primitive, and the second is dz"^. So, ^(3) is (2,1) and primitive, 
and no further constraints arise from condition (|4.426| ). 



From the kinetic terms ( p.54| ), the massless RR scalars are the uncharged fields 



•^(2)79' '^(2)897 C(4)5789 + (27r) a'c^2)i9' '^(4)5679' •^(4)5689, and €(4)4673. (6.48) 

The massless gauge bosons are those that do not couple to RR scalars. From ( |3.54| ), they 
are the three linear combinations of f^^, 6(2)9^, C(2)5^, and 0(4)459^ orthogonal to 

(m/n)6(2) 9^ - C(2) 5m, (6.49) 

where orthogonality is defined by the metric appearing in the gauge kinetic terms. (See 
Sec. 6.4 for further discussion in the context of the dual 03 orientifold). 

Finally, there are 6M massless scalars A/^, $/"^ and M massless gauge bosons Aj ^ 
from the D5 branes. 
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In summary, as in the previous two examples, the massless bosonic fields are one 
graviton, 3 + M vectors, and 16 + 6M moduli. However, in this case the moduli can be 
taken to be the independent fields 

Tl, T2, Ts, V2, Tdil, a^6, ^^7, ^(2)56' 

6 C(^p^ scalars, and 6M D5 scalars, 

with Ti and ts pure imaginary. These fields combine to form one 4D A/" = 2 gravity 
multiplet, 2 + M vector multiplets, and 3 + M hypermultiplets. 
The amount of unbroken supersymmetry is 

A/" = 2, (6.50) 

due to the existence of an antiholomorphic involution on T2 compatible with the moduli 
constraints, 

^2,Pii ^T2,(pii)*, where pn = {-b^2)58 + ivi)/ {{2nfa'). (6.51) 

In contrast to the previous two examples, there is no decomposition of the M = 2 algebra 
into AT-f and M- algebras generated by 6D spinors of definite fiber chirality. For any 
A/" = 1 subalgebra of the A/" = 2, the corresponding 6D spinor x contains components of 
both positive and negative fiber chirality (cf. Sec. 4.4). 

Nonintegr ability of the Almost Complex Structure 

In the example just discussed, the ACS selected by the supersymmetry conditions is 
nonintegrable. The simplest way to verify this is via the torsion classes Wi of Eq. ( |1.5|) . 
This is the one place in the paper in which we will find it useful to compute any of the 



Wi. The criterion that we will use is p5| , |3^ , p9| : 



The ACS is integrable if and only if Wi = W2 = 0. 

In the example, the ACS is such that the three (l,0)-forms of X^ are the three factors 
appearing in O of Eq. (|6.39a|) . Consequently, the three terms in J of Eq. (|6.39^ ) are each 



of type (1,1), and we have the following Hodge decomposition of dJ\ 

dJ{2,i)+{i,2) =dZ A dZ-^/^viT]^ A7f + V2dx^ A dx^ + ^Z'^/^vsdx'^ A dx^), (6.52a) 
dJ(3,o)+{o,3) = 2nZ^/^vidx^ A dx^ A 7f. (6.526) 
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From the second equation, Wi 7^ 0. It is straightfoward to compute 

W. = -^( , "■/<-'"^' )"'. (6.53) 

Therefore, the ACS is nonintegrable. 

Note, however, that there is no topological obstruction to definining an integrable 
complex structure. For example, the fibration (|6.345| ) is compatible with the complex 
structure 



w 



x'^ -\- ix^ , w"^ = x^ -\- ix^ , and w^ = x -\- ix^ . (6.54) 



In this complex structure, JF"" = —2ndw'^ A dw'^, with no (0,2) component, so that the 
fibration is indeed holomorphic. This can also be seen from the fact that Xq is just a warped 
version of one of the complex nilmanifolds classified in Ref. |7^ . On the other hand, the 



complex structure (|6.54| ) is not the one selected by the supersymmetry conditions, and is 
incompatible with the physical metric ( |6.36|) except at certain points in moduli space. 

6.4- Dual 03 Orientifold 

Consider the 03 orientifold with internal T^ and flux 11 



F(3)/((27r)2a') = 2m{dx^ A dx^ + dx^ A dx^) A dx^ (6.55a) 

if(3)/((27r)2a') = 2n{dx'^ A dx^ + dx^ A dx^) A dx^. (6.556) 



The Gauss's law constraint (|5.1^ ) is Eq. (|6.3|) . The complex flux G',^-, is 



^3) 
1 



-GL. = -2nTdii{dx^ A dx^ + dx^ A dx^) A {dx^ - {m/n){l/Tdii)dx^). (6.56) 



{2n)^a' 

If we parametrize the complex structure as in Eq. ( ^.8|) , then the supersymmetry 
conditions imply a factorization T^ -^ -^/4567> ^ -^^891 ^^i^^ respect to both complex and 
Kahler structure. The condition that G'(■^^ be of type (2,1) implies 

r' = T^A ® r^2, with detr^4 = —1, TdiiVy2 = —m/n^ (6.57) 

where t^4 is a complex 2x2 matrix and r^a is a complex number. The condition that 
G'/gN be primitive then gives 
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Working in terms of r'*j and g'^j has been convenient thus far for deriving the T^ -^ 
T^ X T^ factorization, but is bad for describing moduh. As discussed in Sec. 5.1 and 
in App. E, the parametrization is redundent. For this reason, we will adopt a different 
parametrization shortly. First, however, note that the supersymmetry constraints on the 
T'^ factor can be phrased in a parametrization independent way as follows: 

dx'^ A dx^ + dx^ A dx'^ (I5I) and primitive on T'^. (6.58) 

Starting from this condition, it is not hard to show that there is A/" = 2 supersymmetry. 
For example, at grkn = Smn, there is an S of complex structures such that the condition 
is satisfied. The corresponding Kahler forms and holomorphic (2,0) forms are 

^4 = n^j(^\ 0^4 = n^O(^), (6.59) 

where n = (n^, n^, n'^) is a unit vector on S'^, and 

j(i) =dx'^Adx^ + dx^Adx'^, j(^) = dx"^ Adx'^ + dx^ Adx^, J^^^ = dx'^ Adx^ -dx^ Adx'^ , 

0(1) ^ j(2) + ^ j(3) ^ q{2) ^ j^(3) ^ ^y^_ perms. (6.60) 

The 5"^ of complex structures defines a single hyperKahler structure, and corresponds to 
two 6D negative chirality Weyl spinors x'l 2 ^i^ 

J'(^\'^ = ^x'^a^^ha'x. X'=(|). (6.61) 

Here, the primes indicates that we are discussing the 03 orientifold, and the hats indi- 
cate that x' is a normalized spinor, rescaled relative to the x appearing in Eq. ( [4.12| ). 
One can also see the A/" = 2 supersymmetry from the fact that there exists exactly one 
antiholomorphic involution of Xq that preserves the moduli constraints on r'*j and rail', 

Trp4,, Trp2 — > frp4, Trp2 ■ (6.62) 

This involution implies that for every Killing spinor such that Xi = Xt* ® Xt^' there 
is an independent Killing spinor such that X2 = x't** ® x't^- The condition Imr^a = 
(m/n) Im( — 1/rdii') > 0, fixes the chirality of Xt2 to be positive. Since x' has negative 
chirality by definition, this means that x^4 also has negative chirality. On T*, there are 
exactly two negative chirality spinors, complex conjugate to one another up to an overall 
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phase that can be absorbed into the definition of the spinors. Therefore, once we know 
that this example preserves any supersymmetry, we know that it preserves M = 2. 

A nonredundent parametrization of the metric moduh is obtained by writing the T^ 
as a fiat Tj^^x fibration over Tf^^y. 

dsl, = -^1^4 + r{r7'5|2 + Ji-lrfx^ + r'rfx^p, (6.63a) 

Im r{ Im T2 

V 
dsl2 = ^^\dx^ + Todx^p, (6.636) 

^ Imrg "^ ^ 

where 

,y'4 = ^^4 ^ a'4^^^6 ^ a'^^dx^ (6.64a) 

ry'5 ^ dx^ + a'^^edx^ + a^7dx\ (6.646) 

with a"^„ constant on T^ . That is, a'"^ defines a trivial fibration JF"" = da''^ = over the 
base T?g yi . The natural holomorphic one- forms associated with this parametrization are 

Therefore, the (2,1) condition on G{2,) becomes 



T1T2 = —1, (6.66a) 

TsTdii' = -m/n, (6.666) 



and the primitivity condition becomes 

a'S = a'\. (6.67) 

From the kinetic terms ( ^.15|) , the massless c^^^^ahcd scalars are the uncharged scalars 

•^(4)6789' '^(4)5689' '^(4)4789' '^(4)4589' '^(4) 4689 " ^(4) 5789' ^^^ ''(4) 4567" (6.68) 

The massless gauge bosons are those that do not couple to RR scalars. From ( |5.15| ), they 
are the three linear combinations of h',^^ g , h',^) 9 , c',^. g , and c',^-. 9 orthogonal to 

(m/n)6j2)8^ + C(2)9/x- (6-69) 
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Here, orthogonality is defined by the metric appearing in the gauge kinetic terms. In term 
of the complex gauge bosons ( ^.161) , the metric on the 89 subspace is proportional to 



The massive linear combination ( |6.69D is proportional to Re((l/f')(i'^3 ).cj Therefore, the 
3D space of massless gauge bosons is spanned by 

Im((l/f')43j, Re(43j, and Im^-aJ. (6.71) 

Finally, there are 6M massless scalars ^^"^ and M massless gauge bosons A'j from 
the D3 branes. 

In summary, the massless bosonic fields are one graviton, 3 + M vectors, and 16 + M 
moduli. The moduli consist of 

VI, V2, V3', 2 independent r', 3 independent a'^m 
6 c'/^N scalars, and 6M D3 scalars. 

From the supersymmetry-breaking mass spectra given in Ref. |]1^, this corresponds 
toA/' = 4^A/'=2 with mi = m2 for the two massive gravitini. (This is a third 
way to see that the background preserves A/" = 2 supersymmetry). The moduli space is 
M. = M.H ^ M.V-, where in the approximation that the warp factor is set to unity, 

^0(4,3 + M) , „ , 

^x = gO(4)xgO(3 + M) - (^•^^"' 

up to discrete identifications. See App. G for a discussion of the metric on moduli space. 

6.5. T-Duality Map 

The T-duality map relating the 03 orientifold of Sec. 6.4 to the 05 orientifolds of 
Sees. 6.1-6.3 is exactly as described in Sec. 5.2, once we perform the following relabelings 
of coordinates in the 03 orientifold: 

oec. D.i: yX J X J X J X J X J X ) g^^ 6.4~V'^ '"*" '"*" '"^ '"^ '"*" /new' (6.73aJ 

Sec. 6.2: no relabeling, (6.736) 

oec. D.o: yx , x , a; , x , x , x jg^^ 6 4 ~ v"*" ' "^ ' "^ ' "^ ' ~'^ ' "^ /new' (6.73cJ 



^^ Note that from dz^ = dx^ + t dx^ , we have d'^z^ = {dg^ - T'ds^j,)/{T' - r'). 
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Note that in all three cases, the relabeling is a permutation of positive Jacobian. Therefore, 
the image of the ISD flux ( |6.55|) is again ISD, rather than lASD. In terms of the T^ —>■ 



T^ X T^ factorization of Sec. 6.4, the three relabelings correspond to T-dualizing along the 
T^ factor, along a T^ in the T^ factor, and along S^ C T^ times S^ G T'^, respectively. 

It is straightforward to follow all moduli and gauge fields through the T-duality map, 
using the relations in Sec. 5.2. The constraints ( |6.66a, 6| ) and (|6.67| ) map to (|6.136, q| ) 



and ( |6.14|) in Sec. 6.1, to (|6.23a, Vj ) and 6(2)56 = 6(2)47 ^^ Sec. 6.2, and to ( |6.466, dj ) and 
( |02^ ) in Sec. 6.3. The volumes Vl,V^,V^ are equal to V2,Vs,i2TT)'^a'^ /Va^ in Sec. 6.1, 
to (27r)VV"l/fib,F2,"l^3 in Sec. 6.2, and to (27r)2a'|ri|, "I/2, (27r)2a'|r3| in Sec. 6.3. The RR 
moduli ( |6.68| ) map to ( |6.16| ), ( |6.28| ), and ( |6.48| ). The massive gauge bosons ( |6.69| ) map to 
( FT7|) , (IOQD , and (HI). 

7. J\f = 3 Example: The Warped Iwasawa Manifold 

7.1. Example 4: ^f+ = l,^f-=2 

Consider the choice of fibration curvature and background flux 

J^^ = 2h{dx^ A dx^ - mdx^ A dx^ - mdx^ A dx^ + (m^ - n)dx^ A dy^), (7.16) 

jr5 = -2h{dx^ A dx^ + dx'^ A dx^ - mdx^ A dx^), (7.1a) 

F(^3*j V((27r)2a') = 2f(r]^ A {dx^ A dx^ - ndx^ A dx^) 

+ r]^ A [-ndx^ A dx^ - ndx'^ A dx^ + mndx'^ A dx'^) j , (7.1c) 



with F(i) = i7(3) = 0. Here, f,h,n = 1,2 and m = 0, 1. This choice gives a contribution 
to the Gauss's law constraint, 

iVflux = 4//i(4n-m2), (7.2) 

so that Eq. ( |3.15| ) becomes 

2M + Afh{An - m^) = 32. (7.3) 

The condition < A^Aux < 32 puts restrictions on the allowed combinations of /, /i, m, n. 
The discussion of the dual 03 theory in Sec. 7.2 shows why this is in some sense a natural 
class of backgrounds to consider. 
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For the choice (|7.1D to preserve AT = 3 supersymmetry, we require that the complex 
flux (|4.28d|) be (2,1) and primitive with respect to three independent complex structures. 
This is equivalent to demanding that ^(3) be of type (0,3) with respect a single complex 
structure, which is then distinct from the previous three [Q. (See Sec. 7.2 for further 
discussion). 

It is convenient to parametrize the metric and almost complex structure as in Ex. 1: 



^w' ^4 I ^w „5 



(7.4) 
dw' = dx^'+^ + t""^ jdx^^+^, i, j = 2, 3. 

Here, we have used the symbols w* instead of 2;*, reserving the latter for complex coordi- 
nates in which ^(3) is of type (2,1) and primitive. 

The condition that G(3) be of type (0,3) results in the following constraints: 

r'^'j = r(5*j, where - (V/)^dii = r""' = r, and (7.5a) 



r + mr + n = 0, or equivalently, t = | [—m + iy An — rn?^ . (7.56) 



Here, we have chosen the root r such that Imr > 0, for agreement of Eq. ( |7.5aD with 
Imrdii = l/fifs > 0. When Eqs. ( |7.5a, fc| ) are satisfied, 

^ -^(3) =2/77^^' Ad^D2Ad^D^ (7.6) 



(27r)2a 

which is indeed of type (0,3). Since this statement is independent of the Kahler moduli, 
the unfixed metric moduli are the five real Kahler moduli V-ah and QBw^wi {hj = 2,3), 
with Qsw^wi = {dSwiw^^ ■ The constraints (|7.5a, ^ ) also imply that 



J^""' = 2hdw'^ A d^D^ (7.7) 

where J^^' = J^^ + r'^V^ 

Now let us return to the supersymmetry conditions as originally formulated. The 

three independent complex structures satisfying conditions ( [4.28a, 6| ) are related to the 
one just described via 

complex structure 1: [t]^ ,dz'^,dz^) = [rf ,dw'^,dw^), (7.8a) 

complex structure 2: (77^ ,dz'^,dz^) = [rf ,dw'^,dw^), (7.86) 

complex structure 3: (77^ ,dz'^,dz^^ = (^tj^ , duP' , dw^) . (7.8c) 
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In these three complex structures, 

T^^ = 2hdz^ A rf;z^ J^^' = 2hdz^ A rf;z^ and J^^' = 2hdz^ A dz^ , (7.9a, 6, c) 

respectively. In all three cases, T^ has no (0,2) component. Therefore, the corresponding 
fibrations are holomorphic, and the complex structures are integrable, in agreement with 
Sec. 4.2. In constrast, the almost complex structure of the w coordinates is not integrable. 
Specialize to complex structure 1. Then we can write Eq. (7.9a) as 

dri"-^ = Ndz^ A dz^, where N = 2h. (7.10) 

This is the familiar relation between the three left-invariant one-forms 

ry^ = z^ + Nz'^dz^, dz'^, and dz^ , 

on the Iwasawa manifold. 

The Iwasawa manifold can be defined as a coset of upper triangular matrices as fol- 
lows. ^3 Consider C"^, presented as the space of upper triangular 3x3 matrices with ones 
along the diagonal, 

/I z^ -z^/N\ 
gN{z^,z^,z^)= \o 1 ^^ h where z^,z^,z^eC. (7.11) 

\o 1 ; 

Here, A^ is a fixed positive integer. Let Q^ {£) deonte the corresponding group under matrix 
multiplication. For any A^, this group is isomorphic to the complex three-dimensional 
Heisenberg group 7^3 (C). We can also define a discrete subgroup ^3^ (A) containing the 
matrices 

/I c -a/N\ 
gN{a,h,c) = I 1 h , where a, 6, c G A, (7-12) 

Vo 1 ; 

with A = Z + rZ C C a lattice parametrized by the complex modulus r. This subgroup 
has a natural action on Q^ {C) by matrix multiplication. Consider the right-coset M.^ = 
Q^ {'C)/Q^ {h). The resulting identifications are 

{z^.z"^, z^) ^ (^1 + a - Nhz^, z^ + h,z^ + c). (7.13) 



This description is taken directly from the twisted T^ example in Sec. 2.2 of Ref. [0], with 
l^ replaced by C^ 
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This quotient defines the A^th Iwasawa manifold. 

The standard metric and Kahler form on the Iwasawa manifold are 

(^^Iwasawa = \ti"' \^ + \dz^\^ + \dz^\^ , (7.14a) 

^Iwasawa = ^ [v^' A 77^' + dz^ A dz^ + dz^ A dz^) . (7.146) 

However, in the orientifold example that we are considering, the metric and Kahler form 
are given by^ 

dsQ^ = 1?7^ I + 2ZgQz*zidz'^dz-' , (7.15a) 

Imr ' ' 

7 \/cK 1-1 

J = —^^rj^ Arj' + iZgs,i-z3dz' A dz\ (7.156) 

2 Imr 



a generalization of (|7.14a, 60 that includes arbitrary fiber and base Kahler structure, and 



also the warp factor Z. 

Now let us turn to the NS S-field moduli. The constraints that follow from Eq. ( |3.52q| ) 
are 

mb{2) 46 + ^(2) 47 + ^(2) 56 = 0, nh{2) 46 " ^(2) 57 = 0, 
W6(2) 48 + ^(2) 49 + ^(2) 58 = 0, nh{2) 48 " ^(2) 59 = 0, 

or equivalently, 

^{2)w^w'' = b(2)w^w<- =0, z = 2, 3. (7.16) 



Eq. (|3.526| ) gives the same constraints. The unlifted NS S-field moduli are the orthogonal 
components 

b{2)w^wi: ^(2)«;l«;i, Z = 2, 3. (7-17) 

From the kinetic terms (|3.54a, 6, d^ , the massless RR sector scalars are the nine un- 
charged fields 

C(2)675 C(2)895 C(2) 69 ~ C(2) 78, C(2)^iy ^^ C(6) 455789, 

nc(2) 68 + im/2) (c(2) eg + C(2) 78) + C(2) 79, 

C(4) 5678 ~ C(4) 4579, C(4) 4789 — C(4) 5689: (7-18) 

nC(4) 4678 + {1^1/2) (c(4) 4579 + C(4) 5578) + C(4) 5679, 

and nc(4) 4689 + {'m/2) (c(4) 4789 + C(4) 5689) + C(4) 5789- 



In the conventions of this paper, ds'^ = gtjdz^dz^ + g^jdz^dz-' = 2gijdz'^dz-' (cf. App. A). 

65 



The massive gauge bosons are those that couple to the other RR scalars. From 
( p.54a, 6,"^ ), they he in the 6D space spanned by 

{2Tifa'{f/h)v'^ij, - C(2) 4m' {'2Tr)'^a' {f/h)v^^ - mc(2) 4^* - C(2) 5^*. 

{2Tlfa{f/h)hi^2) 7(1 - C(4) 456a*, (27r)^a'(///l)6(2) 6/x + mC(^4) 456m + C(4) 457^, (7.19) 

(27r)^a'(///i)6(2) 9^ - C(4) 453^, (27r)^a'(///i)6(2) g^ + mc(4) 453^ + C(4) 459^. 

The massless gauge bosons span the orthogonal 6D space, where orthogonality is defined 
with respect to the metric appearing in the gauge kinetic terms. (See Sec. 7.2 for further 
discussion in the dual 03 orientifold) . 

Finally, there are 6M massless scalars Aj a, $/"*, and M massless gauge bosons A/^ 
from the D5 branes. 

In summary, the massless bosonic fields are one graviton, Q + M vectors, and 18 + 6M 
moduli. The moduli consist of 

^fib, 4 gsz-zJ: 4 indep 6(2)am, 
9 C(^p^ scalars, and 6M D5 scalars. 

These fields combine to form one 4D A/" = 3 gravity multiplet, and 3 + M vector multiplets. 
The amount of unbroken supersymmetry is 

A4 = 1, AL = 2, (7.20) 

in the notation of Sec. 4.2. The A/+ = 1 supersymmetry corresponds to complex structure 1 
( [7.8a| ), with the modulus ri = r of Imri > appearing in ry^ (cf. Eq. (|4.26a|) ). The 



Af- = 2 supersymmetries correspond to complex structures 2 and 3 (|7.86, c]) , with the 
modulus Ti = f of Im ri < appearing in rj^ . 

7.2. Dual 03 Orientifold 

For the 03 orientifold with internal T^, choices of fiux preserving 4D A/" = 3 super- 



symmetry were first discussed in Ref. [30|. The requirement for A/" = 3 supersymmetry 
is 

G'(^\ (2,1) and primitive w.r.t. to three independent complex structures. (7.21) 

In contrast, from the equations of motion alone, without imposing any supersymmetry 
conditions, one obtains the condition that the fiux be ISD: *qG',^-. = iG',^^. As has already 
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been mentioned in Footnote 21, the space of ISD forms includes not only primitive (2,1) 
forms, but also nonprimitive (1,2) forms J Au^^'^\ where u^^'^' is a (0,1) form, as well as 
(0,3) forms. The condition ([7 .211 ) is equivalent to [^ 



G"(3-) (0,3) for some choice of complex structure. (7.22) 

The complex structure in this last condition is a fourth complex structure, independent of 
the three complex structures of the previous condition.&3 

To construct a large class of TV = 3 backgrounds, let us write 

G';3^ = 2Xdw^ A dw'^ A dw^, (7.23) 



(27r)2a'^(3) 

where A is a positive real number, and where the T^ factorizes as T'^ xT'^ x T^ with respect 
to complex structure in the following way: 

w' = x' + T'y\ i = 1,2,3, (7.24a) 

(V/)W = -r', /,/iGN. (7.246) 

The coordinates x'^,y^ are related to those used elsewhere in this paper by 

\X ,y , X ,y ,X ,y Jhere ^ \ X 1 X 1 X ■: X 1 X 1 X Jrest of paper- \ I -^i)) 

We adopt this notation here and similar notation in Sec. 8.2 since it allows equations 
involving cyclic permutation of the a:*,|/* to be written succinctly. 
When expanded in real coordinates, the complex flux becomes 



— —Gjg^ = 2\(dx^ A dx"^ A dx^ + r [dx^ A dx"^ A dy^ + eye. perms, of 123) 
+ T'^[dx^ A dy'^ A dy^ + eye. perms, of 123) + T^dy"" A dy'^ A dy 



In fact, we could have also rephrased the supersymmetry conditions for the M = 2 examples. 
In each example of Sec. 6, there exists a complex structure such that G(3), G(3), or G/gN (whichever 
is appropriate) is of the form J A lo^^'^' . However, unlike the N" = 4 —>■ M = 3 case, where the 



conditions (|7.21| ) and ( |7.22D are truly equivalent, in the A/" = 4 ^ A/" = 2 case, this rephrasing of 
the supersymmetry conditions seems to involve the assumption that mi = m2 for the two massive 
gravitini. 
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If, in addition, we assume as part of our ansatz that r' satisfies the quadratic equation 

P(r') = /r'2 + mr' + n = 0, /, m, n G Z, / > 0, (7.27) 

then Eq. (|7.26| ) reduces to an expression hnear in f' . From Eqs. ( |7.24a, £|) , we can then 
read off the RR and NS fluxes. It is possible to show from the quantization condition ( |5.4| ) 
that by redefinitions of /, m, n, and A, we can take A = //. Then, 

- — — — F/o^ = 2f(ldx^ A dx"^ A dx^ - nidx^ A dy"^ A dy^ + eye. perms, of 123) 

+ {mn/l)dy^ A dy^ A dy^^ , (7.28a) 

^ ij"J3) = 2h(l{dx^ A dx'^ A dy^ + eye. perms, of 123) 

- m{dx'^ A dy"^ A dy^ + eye. perms, of 123) + (m^// - n)dy'^ A dy'^ A dy^^ . (7.286) 

The contribution to the Gauss's law constraint ( |3.15|) from this choice of flux is 

iVflux = 4//i(4/n-m2). (7.29) 

Not all choices of (/, m, n) are inequivalent. From change of lattice basis on the T^, there is 
an SL{2,Z)t-' identiflcation of the complex structure modulus r'. Modulo identifications, 
we can assume that r' lies in the fundamental domain of 5'L(2, C), 

r' G J-Q = {r' G C I -i < Rer' < i, \t'\ > 1}. (7.30) 

Prom Eq. ( [7.27| ), we have 

r' = — (— m + zv4/n — m^), \t'\ = \/n/l, (7-31) 

so the condition (|7.3U| ) becomes 

n > I > \m\ and 4/n > m . (7.32) 

The possible values of (/, h, /, m, n) are strongly constrained by < A^Aux < 32 and 
the fact that m'^ = 0, 1 (mod 4). For (/, h) = (1, 1), in addition to the Af = 4 solution 
without fiux, there are just four choices of (/, m, n) satisfying the inequalities ( |7.32| ): 

(/,m,n) = (1,1,1), iVfl,, = 12, 2M = 20, r' = e^^/a^ 

(/,m,n) = (1,0,1), ATfl,, = 16, 2M = 16, r' = z, 

^ (7.33a) 

(/,m,n) = (1,1,2), iVfl,, = 28, 2M = 4, r' = i(-l + zv^), 

(/,m,n) = (1,0,2), iVfl,, = 32, 2M = 0, r' = iV2. 
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Allowing arbitrary values of (/, h), there are four additional choices. For (/, h) = (2, 1) or 
(1,2), we can take 

(/,m,n) = (1,1,1), iVfl,, = 24, 2M = 8, r' = e^-^a 

7.336 
(/,m,n) = (1,0,1), iVfl,, = 32, 2M = 0, r' = i. 



Note that the flux (|7.28a, l\ ) is correctly quantized with F^'g^, iJfg^ G {2n)'^ a' H^ {T^ , 2Z) in 
all of four cases. 

If the complex structure and axion-dilaton are deformed from r*j = t'6'^j and 
(/i//)rdii' = r', with r' given by the values in ( |7.33a, fc] ), then the complex flux is no 
longer of type (0,3). On the other hand, the flux is still (0,3) for arbitrary choice of Kahler 
moduli. So, the metric moduli are the nine real degrees of freedom q' . _,. 

From the kinetic terms (|5.15 ) , the space of massless RR scalars is spanned by the nine 



(7.34) 



uncharged scalars 

^C(4)a;lyl2;22.3 + C (4) j. 1 y 1 y 2 y 3 + (w/2)(C(4)^lyl^2y3 + C ^ 4 ) 3. 1 y 1 y 2 3. 3 J , 

C(4)xiyix2y2, C(4)3.iyi^2y3 — C(4)3.iyiy23.3, aud c y c . p e r m s . o f 1 2 3 . 
This is equivalent to the space spanned by the RR scalars of Hodge type (2,2), 

The massive gauge bosons are those that couple to the other RR scalars. From ( |5.15|) , 
they lie in the 6D space spanned by 

(///i)n6j2)xv ~ "^^(2)x^/x - cj2)y«/„ ^"^^ (//M^(2)yv + ^(2)x>' i = l,2,3. (7.35) 

In terms of the complex gauge bosons ( |5.16| ), this is the space spanned by d'^i , for i = 
1,2,3. In fact, we can see directly from (|5.17|) that c'.^x i^2^3^i is the axion eaten by 
d'^i [|60|j . The massless bosons are the linear combinations orthogonal to this space, where 
orthogonality is defined with respect to the metric appearing in the gauge kinetic terms. In 
the {d'^i^ ^'vjiiL^ ^^v ^'w^u) basis of complex gauge bosons ( |5.16| ), the latter is proportional 
to , , 



Therefore, the six massless gauge bosons are (the real and imaginary parts of) d'-i , for 



W- 11 ' 



1,2,3 ig. 
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Finally, there are 6M massless scalars ^j"^, and M massless gauge bosons AC from 
the D3 branes. 

In summary, the massless fields are one graviton, 6 + M vectors, and 18 + 6M moduli. 
The moduli consist of 

9 gsw^wi^ 9 C(p) scalars, and 6M D3 scalars. 

These fields combine to form one 4D A/" = 3 gravity multiplet, and 3 + M vector multiplets. 
From Ref. |j7^, the moduli space of the A/" = 3 theory is completely determined by 



the number n^ of vector multiplets. It is the coset 

_ ^(3,ny) 

up to discrete identifications, where, in this example, ny = 3 + M. For the parametrization 
of the coset in terms of the above moduli, see Ref. [160| . 

7.3. T-Duality Map 

For the 03 orientifold of Sec. 7.2, the metric is 

(Is'q = 2g^iyjjdw^dw-' , (7.38) 

with Qy^iyTji constrained only to be Hermitian. We can alternatively write this metric in 
the fibration form ( |5.18| ), 



V 
ds'^ = -^\dw^ + a""l^ + 2gs^.i^,dw'dw^ , (7.39) 



where the components of a'" are holomorphically constrained, 

a"^' = a"^\.dw\ and a"^' = a"^\^dw\ z = 2,3, (7.40a) 

and where 

V^^ = 2g^.^ilmT\ (7.406) 

gSw'-wi = 9w^wi ~ dw'^w^O' tu^fl wJ : ^jj =2,6. (7.40c) 



Here, from Eqs. ( |7.24a|) and ( |7.25| ), the complex coordinates in the 03 orientifold are 



w^ = -x^ + t'x^ and w' = x^'+^ + r' x'^'+^ , i = 2,3. (7.41) 

70 



Applying the T-duality map of Sec. 5.2, we find agreement between Sees. 7.1 and 7.2, 
provided that we identify r = r' . For example, the map between complex components of 

a'" and 6(2)q is 

bi2)n.^=a'^'/{T'-f') and b(^2)u,^ = -a'^" /{r' - f'), (7.42) 



so, the constraints (|7.16| ) and (|7.40a ) agree. Here, rj'^ = ?7^ + tt]^ for the 05 orientifold. 



from which the relation between b(^2)w^ib(^2)w^ and 6(2)4,^(2)5 is 

6(2)iui = ^^-(6(2)5 -^6(2)4) and 6(2)1^1 = 3-(6(2)5 - ^6(2)4)- (7.43) 



(7.44) 



Similarly, using the underscore notation of Sec. 5.2, 

''mn ''mn ' ' ''mn (3) Amn "*" (3) Smn 

from which Eq. ( [7.7| ) follows. 

8. A/" = 1 Example 

8.1. Example 5: Af+ = 1, Af- = 

Consider the choice of fibration curvature and background fiux 

J^^ = 2h{dx^ A dx^ - dx^ A dx^ - dx^ A dx^ + dx^ A dx^), (8.1a) 

-T^ = 2/i(rfa;^ A dx^ - dx^ A rfx^ - dx'^ A c^x^ + 2dx'^ A c^a;^), (8.16) 

2fr)^ Adx^ Adx^ -2fr]^ Adx^ Adx^, (8.1c) 



(27r)2a' (3) 
with F(i) = if(3) = 0. This choice gives a contribution to the Gauss's law constraint 

Afl,, = 12//1, (8.2) 

so that Eq. ( |3.15| ) becomes 

2M + 12fh = 32. (8.3) 

As discussed in Sec. 3.2, A^Aux is nonnegative. So, / and h have the same sign, and the 
possible values of (/, h) are (1,1), (2,1), and (1,2), corresponding to 2M = 20, 8, and 8 D5 
branes, respectively. 

71 



Define an almost complex structure as in Eq. (|6.5| ). Then, using the decomposition 
( [4.21| ), it is possible to show that the base T^ decomposes as T'^ ^ T"^ x T^ with respect 
to complex structure: 

r'j=T5'j, i,j = 2,3, (8.4) 

where 

-l/n = r = (/i//)rdii = e2-/3. (8.5) 

When these constraints are satisfied, the complex three-form flux (|4.28(j|) is 



^(3) = - {2if/V3) (ry^' A dz^ A dz^ + rj^^ A dz'^ A dz^ + r]^' A dz^ A dz^) . (8.6) 

The primitivity condition ( [4.28fc| ) then constrains J to be of the form 

J= —^ — Vfii,rj'\rj^' + ^^ (iV2dz^ Adz^ +iV3dz^ Adz^ -2V(23)Im(dz^ Adz^)] , (8.7) 
2 Im Ti 2 Im r V \ / \ / y 

corresponding to the base metric 

dsl = — ^ (V2dz'^dz^ + Vsdz^dz^ + V(23) Re{dz'^dz^)\ (8.8) 

From Eqs. ( p. 52a, fc| ), the constraints on NS S-field moduli are 

= 2/i(6(2) 4m - ^(2) 5m)dx'^ A {dx^ A dx^ - dx^ A dx^ - dx'^ A dx^ + dx'^ A dx^) 

- 2hh{2) 5mdx'^ A dx'^ A dx^, (8.9a) 

= -2/6(2) ^mdx"^ A dx^ A dx^ + 2/6(2) 5m A dx"^ A dx^ A dx^. (8.96) 

Together, these constraints imply 

^(2) 47 = ^(2) 49 = ^(2) 56 = ^(2) 58 = 0, (8.10a) 

^(2)46=^(2)57, and 6(2)48 = ^(2)59- (8.106) 

So, there are two unconstrained NS S-field moduli, 

^(2)46+^(2)57 and 6(2)48 + ^(2)59- (8-11) 



From the kinetic terms (p.54a, 6, cD , the massless RR sector scalars are the uncharged 
fields 

C(2)675 C(2)895 C(2) 69 ~ C(2) 78, C(2)^,y <-> C(6) 455789, 

_ _ _ _ (8-12) 

C(4) 4678 + C(4) 5679, and C(4) 5789 + C(4) 4589- 
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The massive gauge bosons are those that couple to the other RR scalars. From 
( p.54a, 6,"^) , they he in the 9D space spanned by 

{2Txfa'{f/h)v^^ - C(2) 5^, V^^,, C(2) 4m - C(2) 5AX. 

(27r) a'(///l)6(2)6/x - C(4)456m, ^(2)7m' C(4) 456^ + C(4) 457^, (8.13) 

(27r) a (///l)6(2)8/i - C(4)458^, 6(2)9/^, £(4)458/^+0(4)459^. 

The massless bosons are the three hnear combinations orthogonal to this space, where 
orthogonality is defined with respect to the metric appearing in the gauge kinetic terms. 
(See Sec. 8.2 for further discussion in the dual 03 orientifold). 

Finally, there are 6M massless scalars A/q,, $7"^, and M massless gauge bosons A/^ 
from the D5 branes. 

In summary, the massless fields are one graviton, 3 + M vectors, and 6 + 6M moduli. 
The moduli consist of 

Vfib, V2,V'i, V(23), 2 indep 6(2) am, 
6 C(p) scalars, and 6M D5 scalars. 

These fields combine to form one 4D A/" = 1 gravity multiplet, 3 + 3M chiral multiplets, 
and 3 + M vector multiplets. 

The amount of unbroken supersymmetry is 

U+ = 1, M- = 0, (8.14) 

in the notation of Sec. 4.2. To verify this, first note that the complex structure modulus 
of the fiber is ri, with Imri > from ( p.5|) . Therefore, the supersymmetry is of + type. 
Since the base factorizes as Tj^^^ x T|gg| with respect to complex structure, we can define 
chirality operators 7(2) = 72^ on Tj^^^ and 7(3) = —73'^ on Tj^^x, where the indices 2 and 
3 are holomorphic z^ and z^ indices.l^ Then, since complex structure moduli of Tj^^^ 
and r?gg| are r, with Imr > from (8^), there is one independent negative chirality 6D 



Killing spinor x- It is of the form 

X = C? ® C^'^ ® C^'\ (8.15) 

where 7(2)C*'^'' = C*'^'' and 7(3)C''^'* = ~C''^'*- The three factors in Eq. ( |8.15| ) are on equal 
footing in the sense that 7^* (no sum) = +1 in all three cases. 



Here, the relative minus sign is necessary for chiralities to be multiplicative, that is, for 
7s = 7(2)7(3)- In the conventions of this paper, 7s = gj ^^789 |-^£_ -^^ (A. 17)), which equivalent 
to 7b = — 72'^3^ when expressed in terms of holomorphic coordinates. 
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8.2. Dual 03 Orientifold 

In this subsection, it is convenient to use the notation 

yX , y ^X , y ,2; , y J here ^ \X J X ^ X ,X ^ X ,X J rest of paper- (^O.iDj 

In this notation, consider the 03 orientifold with internal T^ and flux 
1 



(27r)2a' 



yF^'g) = a^dx^ A dx"^ A dx^ + a[dx^ A dx"^ A dy^ + eye. perms, of 123) 



- 6(dx^ A dy"^ A (iy^ + eye. perms, of 123) + body'^ A rfy^ A rfy^, (8.17a) 

yif(3) = c°(ix^ A dx"^ A dx^ + c((ix^ A dx"^ A dy^ + eye. perms, of 123) 



(27r)2a 

- d{dx^ A dy^ A dy^ + eye. perms, of 123) + dody^ A rfy^ A dy^. (8.176) 



This class of fluxes was analyzed in Sec. 4.1 of Ref. [|Tl|. Let us quickly review that analysis. 
The (2,1) constraint on the complex flux G'.^s implies that 

T"^=T'd'j, (8.18) 

that is, T^ ^ T'^ X T"^ X T^ with respect to complex structure, where r' and rail' satisfy 

Pi (r') = a^r'^ - 3ar''^ - 3br' - bo = 0, (8.19a) 

P2(r') = c^t'^ - 3ct''^ - Ut' -do = 0, (8.196) 

and 

(a° - rdii'c°)r'2 - 2(a - Tan'cy - (b - ran'd) = 0. (8.19c) 

A solution exists only if 

Pi(r') =2(/r' + (7)P(rO, P2{r') = 2{hr' + k)P{r'), (8.20) 

where P(t') is a quadratic polynomial of the form ( [7.27| ), and /, g,h,k E Z. In Eq. ( |8.20|) , 
we have added factors of 2 compared to the corresponding equation in Ref. [0 , in order to 
automatically take into account the 2Z quantization condition on the fliixes. The relations 

2{fm + gl) = -3a, 2{hm + kl) = -3c, 

(8.21) 
2{fn + gm) = —36, 2{hn + km) = —3d, 
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give consistency conditions modulo 3, and the flux contribution to the Gauss's law con- 
straint ( |5.1e|) 



IS 



Nnu. = ^{fk~gh){m'-4ln). (8.22) 



It can be shown from Eq. ( |8.21J ) that Afflux is divisible by 12. 



Ref. 1 11] went on to consider the particular example 

(a°, a, 6, bo) = (2, 0, 0, 2), (c^, c, d, do) = (2, -2, -2, -4), (8.23a) 

(/, g, h, k, I, m, n) = (1, -1, 1, 2, 1, 1, 1). (8.236) 

In App. H, we prove that this is the unique choice of supersymmetric flux in the class 
( p. 17a, 6| ) with the minimum value A^Aux = 12 (and 2M = 20 D3 branes), modulo 
5'L(2,Z)t-' X S'L(2, Z)t-j.j/ equivalences.!^ This choice gives 

r' = Tdii' = e2-^/3. (8.23c) 

The only other value of Afflux < 32 such that 12 divides A^Aux is Afflux = 24 (with 2M = 
8 D3 branes). By arguments analogous to those in App. H, one can show that in this 
case there are two distinct choices of flux modulo equivalences: one choice differs from 
Eqs. (|8.23a, 6, c| ) by /, g, Tdii' -^ 2/, 251, 2rdii', the other differs by /i, /c, raii' -^ 2/i, 2/c, Tdii/2. 
So, in the entire class ( p. 17a, 6| ), there are just three inequivalent choices of supersymmetric 
flux. 

The three possibilities are summarized by 

;F('3) = 2f{dx^ A dx^ A dx^ + dy^ A dy'^ A dy^) , (8.24a) 



(27r)2a 

-if [3) = 2hdx^ A dx'^ A dx^ - 2h{dx^ A dx'^ A dy^ + eye. perms, of 123) 



(27r)2a' 

+ 2h{dx^ A dy'^ A dy^ + eye. perms, of 123) - 4hdy^ A dy'^ A dy^. (8.246) 

ATfl,, = 12//1, t' = (V/)rdii' = e2-/3, (8.24c) 

where (/,/i) = (1,1), (2,1), or (1,2). 
The complex three-form flux is 

^{3) = (2z/e-2^*/Vv^) {dz^ A dz^ A dz^ + dz^ A dz^ A (i;2^ + dz^ A rf;22 A dz^) . (8.25) 



This was suggested, but not proven in Ref. [11|. 
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The primitivity condition ( |5.7| ) implies that J' is of the form 

J' = — -^ — : (iV{dz^ A dz^ + iVndz^ A dz^ + iVUz^ A dz^ 

- 2V(;2) Im(dz^ A dz'^) - 2V(23) Ini(rf22 A dz^) - 2Vl^^^ Im(dz^ A dz'^)), 

where z* = x* + ry*. In real coordinates, this becomes 

J' = v[dx^ A dy"" + V2dx'^ A dy^ + t;3rfx^ A dy'^ 

+ t;(i2)(c^a;^ A dy'^ - rfy^ A rfx^) + (12 -^ 23) + (12 -^ 31), 

where f^ = F/signr' and f/--j = V!^■^ signr'. The metric is 

3 3 

Imr' 



L26) 



(8.27) 



(isg^ 



1- (5^ y/rf.Mr + Y^ Vl^^^dz^d-z^) , (8.28) 






where l/(^) =!/(;,). 



From the kinetic terms ( p.l5| ), the massless RR scalars are the uncharged scalars 
J J J J I J 

'-'(4)x2j/22.3y3, '^(4)x3y3xi?yl ' ^(4:)x^y^x'^y'^^ ^(4:)x^y^x'^y^ ~ ^{A)x^y'^x^y'^i . 

(8 

'^(4)x2l/23;3yl + C^4-)^2y22;ly3, anCL C^4^^3y32,ly2 + C^4^^3y32,2yl , 



29) 



which are the axionic partners of ¥{, V2, V3, ^23)5 ^(31)5 ^^^ ^('12)' respectively, in A/" = 1 
chiral multiplets. 

The massive gauge bosons are those that couple to the other RR scalars. From ( |5.15|) , 
they lie in the 9D space spanned by 

(//^)^(2)xV + ^(2)xV' ^(2)yV' ^"^^ c;2)^.^ + cj2)y.^, z = 1, 2, 3. (8.30) 

In terms of the complex gauge bosons ( ^.16| ), this is the space spanned by 

Im((l/f')<g, Re(4U' a^d Im(4.J, ^ = 1,2,3. (8.31) 

The massless bosons are the linear combinations orthogonal to this space, where orthogo- 
nality is defined with respect to the metric appearing in the gauge kinetic terms. In the 
[d'^i , d'-i , d'^i , d'-i ) basis, the latter is proportional to 
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Therefore, the three massless gauge bosons are 

Re((i/f')<. J oc if/h) (6;2)..^ + 6;2),. J + c;^),.^, ^ = i, 2, 3. (8.33) 

FinaUy, there are 6M moduh $/ and M massless gauge bosons A/^ from the D3 
branes. 

In summary, the massless fields are one graviton, 3 + M vectors, and 6 + 6M moduli. 
The moduli consist of 

^15 ^2 5 ^3' ^(23)' ^(31)' ^(12)' 

6 C(^p) scalars, and 6M D5 scalars. 

These fields combine to form one 4D Af = 1 gravity multiplet, 3 + 3M chiral multiplets, 
and 3 + M vector multiplets. 

From the supersymmetry-breaking mass spectra given in Ref. [ p!7[ , this number of 
massless moduli and gauge bosons corresponds toA/' = 4^A/'=l with mi = 1712 = m^ 
for the three massive gravitini. There are 3 + 3M massless chiral multiplets and 3 + M 
massless vector multiplets. The metric on moduli space is discussed in App. G. Since 
the complex structure modulus for each T^ factor satisfies Imr' > 0, the 6D spinor x' 
generating the supersymmetries can be written as the product of three 2D spinors, each 
of definite chirality along a T^ (cf. the discussion at the end of Sec. 8.1). 

8.3. T- Duality Map 

If we return from the notation of Sec. 8.2 to the conventional labeling of coordinates 
via ( |8.16| ), then it is straightforward to show that the metric ( p.28|) can be written as a 
fiat T^ fibration (|5.18|) , with 



K^ = y/, (8.34a) 

a'4 = y/-i {Vli2)dx^ + V^si^dx^) , (8.346) 

a'5 = v^-i {V^^^^dx^ + V(3i)rfx^) , (8.34c) 

The base metrics ( |8.8|) and ( p.34(j|) agree, provided that we make the identifications 

V2 = v{ - {v[^2)fiyi ^3 = ^3 - (^(3i))V^/, 

^(23) = ^(23) - ^('12)^31)/^/. ^ = r'- (8-35) 

All other quantities map exactly as described in Sec. 5.2. 

77 



9. Preview: M = 2 Calabi-Yau Duals without FluxE^ 

So far, we have said nothing about Qs or a' corrections. We know that there are at least 
some such corrections, due to the following pathology in the leading (7s,a' supergravity 
description of the orientifold.^ As x — i> a;', the Green's function ( |3.31| ) behaves like a 
Green's function on M'^: 

where c is a constant. So, near an 05 plane (with Qo5 = ~2), 

Z{x)r^l-g,a'(- i ^ + cY (9.2) 

Consequently, as we let x approach Xq^, we encounter a locus Z = where the metric is 
singular and e*^ = gsZ~^''^ diverges. Beyond this locus, we enter the region Z < 0, where 
the metric and e'^ are imaginary. A similar pathology afflicts the leading supergravity 
description of all orientifolds. On the other hand, orientifold planes are not singular objects 
in string theory. Therefore, the lOD effective field theory descending from string theory 
must get corrected in a way that resolves the pathology. In the Af = 2 and Af = 4 cases, 
it is easy to understand this resolution. 

In the M = 2 example of Sec. 6.2, there is an isometry in the x^ direction (spon- 
tantanously broken by the positions of the eight 05 planes and 2M D5 branes). If we 
T-dualize in this direction, we obtain an 06 orientifold, with 06 planes and D6 branes 
wrapping the x^,x^,x^ directions. Since there was no NS flux before the T-duality, there 
is no new S]qx fibration introduced by the T-duality. The only flux after the T-duality is 
F{2), which is (the puUback to 6D of) a two-form in the Tf^Q ^7 ^g| directions. As noted in 
Ref. Q , this IIA background lifts to a purely geometrical M theory background. The F(2) 
flux gives the fibration of the M theory circle 5'Lioi over the IIA geometry. The dilaton 
gives the size of the fiber. Finally, the D6 branes and 06 planes, the only objects that are 
singular in the IIA supergravity description, lift locally to smooth Taub-NUT and smooth 



I am grateful to P. Berglund, V. Braun, B. Florea, C. Johnson, R. Reinbacher, N. Warner, 
and C. Vafa for comments and suggestions related to this section. In particular, P. Berglund and 
N. Warner first suggested studying the lift to M theory. 

Here, leading order in gs means "0 + |" loop order, that is, tree level in the closed string 
sector plus tree level in the open string sector. 
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Atiyah-Hitchin spaces times M^'^, respectively [^|. (The Atiyah-Hitchin space is the Z2 



quotient of negative mass Taub-NUT space in which the region too close to the center has 
been smoothly excised. The excised region corresponds roughly to the unphysical region 
Z < of the orientifold.) Thus, the IIA orientifold lifts to 

M theory on I7, where I7 = Sj^gx x smooth Yq. 

There is no flux in M theory after the lift. The manifold Y7 is truly a product, with 
no discrete identifications mixing the two factors. The orientifold Z2 operation lifts to a 
geometrical Z2 that inverts x^, x'^, x^, x^^. So, it goes into the definition of Yq, but does not 
act on S}gx. Since the M theory compactification preserves 4D Af = 2 supersymmetry, it 
follows that 

Yq is a smooth Calabi-Yau threefold. 

Compactifying on Slg^ then gives a standard A/" = 2 Calabi-Yau compactification of IIA. 
Compactifying on S'Lioi C Yq (with Yq viewed as a fibration) gives the 06 orientifold. 
Alternatively, F theory on Yq x T^ gives the original 05 orientifold of Sec. 6.2, provided 
that we identify the F theory torus with Sj^iox C Yq times S^ C T^. Since this F theory 
T^ fibration has no global section, there is automatically -F(3) fiux in the IIB orientifold 

Since the geometry M"^'^ x 5"^ x Yg, with no fiux, solves the equations of motion of IID 
supergravity, the only essential ingredient that is missing in the leading IIA description 
but present in the M theory dual description is the dependence of the IID background on 
the x^*^ direction. The lOD IIA supergravity theory is the dimensional reduction of IID 
supergravity truncated to lowest Fourier modes along the x^^ circle. The full Kaluza-Klein 
reduction of IID supergravity includes not only the IIA supergravity fields, but also the 
entire tower of their DO-charged massive cousins from the bound states of A^ DO branes, 
for all N E N. Away from the 06 planes, if Qs is tuned to be small, the DO bound states 
are heavy, and it is a good approximation to ignore the massive tower. By tuning Qs 
smaller and smaller, this approximation becomes valid closer and closer to the 06 planes. 
However, e*^ always diverges at some locus near the 06 planes. As we approach this locus, 
the DO bound states become massless and cannot be neglected. 

It is natural to ask what class of Calabi-Yau threefolds arises from the duality just 
described. Immediately, we know at least one piece of topological data. In Sec. 6.2 we 
determined that there were ny = 2 + M vector multiplets and uh = 3 + M hypermultiplets 
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in addition to the gravity multiplet in the massless spectrum. On the other hand, for 
Calabi-Yau compactifications of type IIA, ny = /i^'^ and uh = h'^'^ + 1- Therefore, 

h^^\Ye) = h''^\Ye) = 2 + M, (9.3) 

where the possible values of M are M = 0, 4, 8, and 12. In the case that M = 16, there 
is A/" = 4 supersymmetry and Yq is T|^4_^5} x KS^^q^^v^^s^^iq} [^. 

Beyond this, it is possible to determine the intersection numbers from the special 
Kahler geometry of the moduli space { p.T2tj() . Furthermore, for each M, there is not one 
Calabi-Yau, but topologically distinct geometries distinguished by the integers m, n of 
Sec. 6 such that 4mn = 16 — M: 

n 41 

(9.4) 






(2,2) 


(4,1), 


(2,2), 


(1,4) 


4 


(6,6) 


(3,1), 


(1,3) 




8 


(10,10) 


(2,1), 


(1,2) 




12 


(14, 14) 


(1,1) 







The integer n tell us about Hi{Yq,Z,), which is pure torsion (and subsequently about 
7ri(y6), whose abelianization is Hi{Yq, Z)). In the dual 03 orientifold of Sec. 6.4, S-duality 
interchanges the integers m and nx3 Therefore, compactification of type IIA on YQ{m^ n) 
and 1^6 (^, ^) gives the same low energy effective field theory. Since both compactifications 
are of type IIA, the relation between YQ{m^n) and YQ{n^m) is something different from 
Calabi-Yau mirror symmetry. 

The details of this duality will appear in a separate paper [^ . There, we will derive 
the further topological data mentioned in the previous paragraph. In addition, from the 
standard identifications between IID supergravity and lOD type IIA supergravity, we will 
obtain an approximate metric for Yg, together with its corresponding closed Kahler form 
and closed (3,0) form.&3 



To be precise, m and n are interchanged under S-duality followed by the coordinate relabeling 

yX , X Jnew^ — \^ , X Jold* 

The approximate metric is Calabi-Yau on a noncompact space that excludes the singular 
region Z" < 0, where Z" is the warp factor of the 06 orientifold. This metric is the lowest Fourier 
mode of the exact Calabi-Yau metric on the compact manifold Ye, in a Fourier expansion along 
the x^^ direction. It can in principle be systematically extended to the exact Calabi-Yau metric 
by including all higher Fourier modes, that is, by solving the 6D Einstein equations order by order 
in an a;^° Fourier expansion. 
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An added incentive for studying this duality is that it could help us to compute other 
Qs and a' corrections in the original orientifold. For corrections that map to worldsheet 
and D instantons in the Calabi-Yau duals, we can hope to take advantage of the existing 
results for Calabi-Yau compactifications and then map the results back to the orientifold. 

10. Conclusions and Outlook 

Type IIB orientifolds with wrapped 05 planes and internal flux yield a class of 4D 
vacua that remains largely unexplored compared to its 03 and 07 counterparts. We 
have studied the simplest such vacua here. We have seen that these vacua, in which 05 
planes and D5 branes wrap the T^ fiber over a T^ base, provide a computable toy model 
for studying moduli stabilization in a torsionful compactification. The supersymmetry 
conditions can be expressed in terms of a complex three-form flux ^(3) just as for D3/D7 
or heterotic compactifications, and in addition a complex one-form flux G'(i). This was 
illustrated in Sees. 6-8 through flve different examples preserving 4D M = 1, 2, and 3 
supersymmetry. As a check, we have also seen that the results of each example agree 
with the T-dual analysis in the corresponding T^ j'Li orientifold. By providing an intrinsic 
description in the 05 orientifold, we have generalized the results of Ref. [Q, which relied 
solely on the T-duality map at a special locus in moduli space. 

One might have hoped that by giving a description of the 05 orientifold not grounded 
in T-duality, we would have found new solutions that do not T-dualize to the T^ j'Li 03 
orientifold. However, as observed in Sec. 3.1, the condition for the T-duality to fail to exist 
is that -ff(3)a/?m? with two flber indices, is nonzero, and this is exactly the case in which the 
analysis of the 05 orientifold qualitatively changes: the pseudo-EPS conditions of Sec. 3.3 
no longer hold; moreover, this component of flux can be thought of as a transversely 
varying NS S-fleld oriented parallel to the D5 brane worldvolumes, which gives rise to 
noncommutativity. It would be interesting to prove that TV > 1 supersymmetry demands 

that ii(z)aiim = 0. 

There are a number of other questions left unanswered by this paper. In Sec. 3.9, we 
stated the flux quantization conditions in the 05 orientifold, but offered no proof. It is 
a signiflcant omission that we were not able to derive these conditions directly in the 05 
orientifold. The quantization conditions agree with those of the dual 03 orientifold via 
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Eqs. (|5.31| ). However, it should be possible, and would be more satisfactory, to instead 
derive the conditions directly from the appropriate twisted K-theory analysis.E^ 

In our description of the massless spectra, we were more explicit than in Ref. 0] for 
the 05 orientifold or Ref. [|lll for the dual 03 orientifold. As a result, one feature that 
we noticed is that in all examples, the partial supersymmetry breaking from A/" = 4 to 
A/" = 1, 2, or 3 is of the "nongeneric" type in which the massive gravitini have the same 
mass. A natural question is whether this is required. Do there exist supersymmetric 
T^/Z2 flux vacua, with quantized flux satisfying the Gauss's law constraint, in which the 
superHiggs mechanism gives different masses to the gravitini? Also, our analysis of the 
massless spectrum proceeded on a case by case basis. Is there there a more elegant way of 
computing the massless spectrum through the cohomology of a suitable operator? 

Other than in the introduction, we mentioned SU{3) torsion classes in this paper 
only in Sec. 6.3, where the criterion Wi 7^ was used to prove that the almost complex 
structure of Ex. 3 was nonintegrable. We did not employ SU{2) torsion classes at all. The 
reason is that the torsion classes simply were not essential for our purposes of analyzing the 
supersymmetry conditions and moduli stabilization in this particular class of 05 vacua. 
Nevertheless, in recent months there has been considerable effort devoted to developing 
a framework that can be used to describe the most general 4D Minkowski vacua of type 
IIA and IIB string theory. (In the case of noncompact internal geometry this is closely 



related to studying type II or M theory solutions with an AdS^ factor [^.) The correct 
framework for this analysis is in terms of SU{2) structures and torsion classes pl| , |36| , ^ | . 
For the example of Sec. 6.3, in which -F(3), -^"(1), and if (3) are all nonzero, we were able 
to avoid talking about SU{2) structures by instead working in terms of the nght-SU{3) 
structures, and the volume form on the flber. However, this is the one example of the paper 
in which supersymmetry does not provide us with a single 6D spinor, but two linearly 
independent spinors XR and xl = IbXr- The two spinors canonically determine an SU{2) 
structure rather than an S't/(3) structure. Therefore, this example should provide a useful 
testing ground for the IIB supersymmetry conditions as formulated in Ref. |^^ in terms of 
SU{2) torsion classes. One just needs to compute the torsion classes corresponding to the 
example. (In the other examples, the SU{2) torsion collapses to SU{?>) torsion.) Working 
in terms of these torsion classes might have the added beneflt of proving that the almost 
complex structure is always nonintegrable for the subclass of 05 backgrounds of the type 



I am indebted to G. Moore for a helpful discussion on flux quantization. 
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discussed here when there is NS flux, a result that we proved only for the speciflc example 
of Sec. 6.3. 

Finally, perhaps the most interesting direction to pursue is to make more precise the 
duality of Sec. 9 relating Af = 2 orientifold vacua to standard type IIA Calabi-Yau vacua. 
We have described a number of computable features of the dual Calabi-Yau theefolds and 
are optimistic about the prospects for identifying these manifolds. As one application of 
the identiflcation, note that although it is common to speak of connected webs of A/" = 2 
string vacua, given a pair of A/" = 2 vacua, it is not necessarily known whether the moduli 
spaces of the two are connected. For the class of A/" = 2 Calabi-Yau vacua, what is known is 
that the subspace of smooth Calabi-Yau threefolds that are hypersurfaces in toric varieties 
is connected. This subspace has trivial fundamental group, and has been completely 
described by Kreuzer and Skarke, who tabulated all 473,800,776 reflexive polyhedra in four 
dimensions [^. In at least the case that (M, m, n) = (12, 1, 1) and /i^'^ = /i^'^ = 14, the 
Calabi-Yau Yq of Sec. 9 is conceivably contained in this subspace, and the dual orientifold 
contained in the corresponding web of known connected A/" = 2 vacua. This intriguing 
duality between A/" = 2 orientifold vacua and standard type IIA Calabi-Yau vacua is 
currently under investigation [pB|. 



Acknowledgements 

It is a pleasure to thank Allan Adams, Per Berglund, Andreas Brandhuber, Ram 
Brustein, Richard Corrado, Jerome Gauntlett, Jaume Gomis, Fawad Hassan, Anton Ka- 
pustin, Albion Lawrence, Christian Romelsberger, and especially Andrew Frey for help- 
ful discussions and useful references. In addition, I thank S. Kachru, P. Tripathy, and 
S. Trivedi for the enjoyable collaboration from which this investigation is a continuous 
outgrowth. Finally, I am grateful to Stockholm University, the Aspen Center for Physics, 
the Kavli Institute for Theoretical Physics, the University of Pennsylvania, and Harvard 
University for hospitality during the course of this work. This work was supported in part 
by the DOE under contract DE-FG03-92-ER40701 and by the National Science Foundation 
under Grant No. PHY99-07949. 

83 



Appendix A. Conventions 

The conventions for coordinate indices are as follows: 
M, N, . . . denote lOD spacetime indices in the range 0, . . . , 9 



: •-'; 



fx.iy, . . . denote 4D spacetime indices in the range 0, . . . , 3, 

a,b, . . . denote 6D internal indices in the range 4, . . . , 9, 

a, /3, . . . denote T'^ fiber indices in the range 4, 5, 

m,n, . . . denote 4D base indices in the range 6, . . . , 9, 

i, j, . . . and z, J, . . . denote complex 6D internal indices in the range 1,2,3. 

When lOD tensors (such as Rmn or the fiuxes) are decomposed into //, a, m components, 
the decomposition is with respect to the basis dx^ , r]°' , dx"^ , not dx^ , dx"" , dx"^ , with one 
exception. In the context of the 03 orientifold, underscored indices /x, a, m denote compo- 
nents in the basis dx^ , dx"' , dx'^. 

The squares and partially contracted squares of lOD tensors are defined by 

a2 _ A A Mi...Mp 

a2 _ A A Q2---Qp ' 

^{p)MN - ^{p)MQ2...Qp^{p)N : 

with the metric (p.4|) used for raising and lowering indices. This metric is also used to 
define the square of the fibration curvature, 

^' = g.pg'^'g'-'J'^n^Sr (A.2) 

We follow the differential geometry conventions of Nakahara |5^] for normalization 
of differential forms, exterior differentiation, Hodge duality, and curvature. (In the ter- 



minology of Misner, Thorne, and Wheeler [^^, we employ + + + sign conventions.) In 
particular, on the 6D internal manifold, 

u; A *6W = -:t^ai...ap^"'-"'^ Vole, (A.3a) 

^JA JA J= -OaO = Vole. (A.36) 

3! 8 ^ ' 

Compared to earlier work P,pT|,^ , the Hodge star operator maps the same forms to one 
another, but (Vol6)j^g^g is minus (Vol6)^j^g^g. Therefore, the two possible selfduality condi- 
tions on middle dimensional forms, 

*6'^(3) = +^^^(3) imaginary-selfduality (ISD), 

(A.4) 
*eW(3) = —iuj(^s) imaginary-antiselfduality (lASD), 
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are the same here as in the earher work [^,11, ||. 

Our normahzation conventions for 6D Hermitian metrics in complex coordinates z^, z^ 
foUow by compatibihty with the expression for the metric in arbitrary 6D coordinates x"'^: 

ds^ = dahdx^'dx^ = Qijdz'^dz^ + g^jdz'^dz^ = 2gijdz'^dz^. (A. 5) 

Note the factor of 2 on the RHS of the last equality. 

The notation ^(p) = uP . + uj}-. + w^-j is defined in Sec. 3.2, and denotes the decom- 
position of an internal 6D p-form Wj-p) into components a;/ -, of rank i on the T^ fiber. 

Slashes denote contraction of tensors with lOD Dirac matrices, 

4(p)Mi...Mfc = 7— 7^-4(p)Mi...Mfcr '=+i...r p. (A.6) 

Antisymmetrized products of Dirac matrices are 

-pMi...M„ ^ p[MipAf2 pM„] 

ai...a„ ^ [ai aa _ _ _^"n]_ 



(A.7) 



The antisymmetrized product of all ten F^ gives the lOD chirality operator, 

p(10) ^ _ l/2p0123456789 r^ a\ 

where Qmn is the lOD metric (|2.4|). Uppercase Dirac matrices satisfy 

{rM,rN} = 2gMN. (A.9) 

Lowercase Dirac matrices satisfy 

{ifi^li^} = '^Vf^u: {la:1b} = '2gab: (A.IO) 



where 77 = diag(— 1, 1,1,1) and gab is the 6D internal metric (|2] 

The relation between uppercase and lowercase Dirac matrices is 

r^ = z-1/4^^ ® 1, r. = z-V4^(4) ® ^„, (A.ii) 

where 
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Here, aside from the overall warp factor (cf. Eq. (|2.8| )), we follow Candeles, Horowitz, Stro- 
minger, and Witten 0. We also follow the latter in employing a Majorana representation. 
The Tmt'Jii are real and Hermitian, except for ro,7o, which are real and antiHermitian. 
The 7a are imaginary and Hermitian. 
In addition, we define 



r(4) 


= iz-'r^''^ 


r(6) 


= iZ'/^gl/^T^'^'^^, 


Tfib 


= ZZ-V2(^(7^f^0)l/V^ 


Tb 


= zg'j'r'^'', 


7 


(6) = ^gl/V'''. 


7fib = ^(<7(^-0'/V^ 



(A.13) 



and similarly. 



72^1/2 6789 

Since (7''^'') =1, we then have the relations 

r(4) = ^(4) ^1^ Ffib = 1 ® 7fib, and Tg = 1 ® 75, 

r(^) = TfibrB = 1 ® 7^*^), r(io) = r(4)r(6) = ^(4) ® ^(6)^ 



(A.14) 



(A.15) 



as well as 

pai...a2„ — ^■ri/2 ^ ^ ai...a2n pai...a2„+i _ _^(2n+l)/4 (4) ^g^ ai...a2„ _ (A. 16) 

In our representation conventions, 7*^^\ 7 , and 7fib are imaginary and Hermitian, 
while 723 is real and Hermitian. Thus, complex conjugation % — * %* of a 6D internal 
spinor reverses its 7*^^^ and 7fib chirality, but leaves its 75 chirality unchanged. Complex 
conjugation u ^ u* of a. 4D spacetime spinor u reverses its 7*^^^ chirality. 

We can further decompose the lowercase Dirac matrices as 

7a = 7a ® I5 7m = 2'^/^7fib ® 7m, (A.17) 

where 

7fib = ^(^(^-))'/V^ lB = 9'J'l''''. (A.18) 

and 

{7a,7^} = 2r7^5''=\ {7m,7n} = 2^S^n. (A.19) 

86 



Since 7fib^ = 1, we then have the relations 

7fib = 7fib ® 1, 7s = 1 ® 7s, (A.20) 

and finally 

7a^ = 7a^ ® 1, 7771"" = 1 ® 7m'', 7amn = ^7a ® 7mn, (A.21) 

which are needed in Sec. 4.2. 

The convention for ± subscripts on 6D, 4D, and 2D spinors is that the subscripts 
always indicate the fiber chirality and/or minus the base chirality. Therefore, the only 6D 
spinors that we refer to directly are of negative 7*-^-' chirality. 

Appendix B. Coordinate Identifications 

The fiber coordinates are periodically identified via 

x" ^ x" + 1 at fixed {x^, x^j^^^. (B.l) 

In the case that the base ^B is a torus, Eq. ( p.5| ) implies that 

^« = i^«^x""dx", ^^^ = const G Z, (B.2) 

up to a fiber coordinate redefinition 

a;^^^=a;" + A", ^^,„ = ^" - dA", where A" = A" ({x"'}). (B.3) 

In the gauge (|B.2|) , the base coordinates have a periodic identification that also acts on 
the fiber coordinates: 

(x"',x°) ^ (x- + 1,0:" - i^;^^a;") at fixed {a;^ a;^}(p,^)^(^,„). (B.4) 

This twisted identification is the unique coordinate identification that both projects to 
x"^ = x"^ + 1 on the base and is compatible with 

77- = idx'^ + A^)]^^ = {dx"+A"%r^+i at fixed {x^x^}(p,;3)^(^,„). (B.5) 

Other gauge choices lead to similar coordinate identifications. 
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Appendix C. Derivation of Pseudo-BPS Constraints 

Let 

As = -g'^^iRcp + 2V„V^(/>) + ^J^^ (C.l) 

A3 = -V2(/,+ 2(V(/>)2, 

and define 

A = Ai + A2 + A3. (C.2) 

The warp factor Z and dilaton (p are assumed to depend only on tfie base coordinates. For 
sucli a function /, we have 

V^Vpf = Z-ir7F"^'(logZ),^, 5^p (C.3) 

Using Eqs. (^3) and ( |U.3D , it is straightfoward to show that 

2 (C-4) 

where contractions are performed using base metric gsmn- On the other hand, from 
Eqs. O and Q, we haveS 



Ai = e2^(F(i)2 + i,F(3)^ + HF(5)2) + (27r)2a'e^5^Q, 



5 fx — Xi 



-As = e2^(F(,)2 + ii,F(3)^ - Hi^(3)^) + U^nfa'c^J^Q^^-^^—^ 



Z^/gs 
A2 - iAi = -\e'\UF^l^f + i(^(^))' + U^)f) + i-^', (C.5) 

s;4/ 

Z^/gs 
Therefore, 



Here, F(5) = (1 — *)i^(5)*, where F.™)* = ^ F^g^ denotes the purely internal part of ^(5), with 
no 4D spacetime indices. Note that this implies a relative factor of 2 in ^^ (F^^') = -gy (F/gN*) . 



By substituting Eq. ( |C.6|) into Eq. ( |C.4|) and adding to the result Z~'^e~'^'^ times 
Eq. (|3.14a| ), we obtain the desired pseudo-BPS condition Eq. ( |3.18| ). 

In writing Eqs. (|C.5| ) and (|C.6| ), we have assumed that H?^. — 0. If this is not the 
case, then there is an additional term 

5(A2 - iAi) = -e^%{^)f - h\H)f (C-7) 

on the RHS of the second equation ( |C.5|) , and additional terms 



5A=|e2^i(F(^)f-ii,(if(l)f (C.8) 

on the RHS of Eq. (^. 

Here F.gx = —CqH?^., where C(o) is a local section of a t/(l) bundle (such that 
F(i) = (iC(o)) and cannot be written as a single- valued function. Since F^-, and H?^^ 
are gauge-invariant globally-defined three-forms, this implies that F(x) aiid H?^^ cannot 
simultaneously be nonzero. Therefore, FA = 0. However, even when F(X) = and 
H,^s 7^ 0, the second term in Eq. (|C.8| ) still presents a problem; since it is negative, we 
obtain an additional negative term on the RHS of Eq. ( |3.18| ), and can no longer deduce 
the Hodge duality relations ( ]3.2U[ ). Therefore, we restrict to the case H.'^s = 0, in which 
we know how to proceed. 



Appendix D. IIB Fermion Variations 

The string frame fermion variations to linear order in the spinors are 

^R,L^L,R = ^e (±-^(1) + 2-^(3) )^fl,-f" 
SL,Ri>L,RM = ( Vm =F 4${3)m)^L,R, 
SR,Li^L,RM = i^'^^-f (1) - -f (3) =F l-f (5)jrMefl,L- 



(D.l) 



Here, subscripts to the left (right) of a comma are correlated with upper (lower) sign 
choices. The subscripts L and R indicate whether the spin content of a fermion comes 
from the left-moving or right-moving sector of the worldsheet conformal field theory. In 
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this appendix, we follow Hassan W^ , except for a sign difference in the chirality of all of 



the lOD spinors, due to opposite conventions for T^^^\ We take 

r^'^^CL.i? = -eL.fl, r(io)A = +A, and T^''''^iPl,rm = -''Pl,rm. (D.2) 

where r'-^^^ is given by Eq. ([A.8| ). Slashes denote contraction with Dirac matrices as 
defined in Eq. ( |A.6|) . Also, 



VMeL,R = {dM + \wMabr''^)eL,R: (D.3) 

where WMab is the spin connection, and 

'^ Tl. 

-^(n)Mi...M„ = ?^t^[MiC'(n-l)M2...M„] " ^j-r^^3^-f^(3)[MiM2M3C'(n-3)M4...M„] • (D.4) 

The last equation means that 

F(n) = Fr-n) - -f^(3) ^ Qn-S) , 

(D.5) 
dF(^n) = -f^(3) A -^(n-2) + local sources. 

By defining the complex quantities 

S = 5l + Sr, e = eL + ieR, X = Xl+iXr, and tpM = {i^L + ii^R) j^, (D-6) 

we can equivalently write the fermion variations as 



SiljM = (Vm + |e^(f (i^Em + if (5)EM))e - f (e'^?'(3)rM - 2z^(3)^,)e*. 
In terms of the axion-dilaton and complex fiux,lill 

Tdii = C'(o) + ie"*^, 
^(3) = -^(3) - ■^e~'^-f/'(3) = F(3) - ri7(3). 



(D.7) 



(D.8) 



Here, we have given the axion-dilaton for type IIB supergravity with no orientifold projec- 
tion. This is also the axion-dilaton for orientifolds with 03 or 07 planes and Becker-type spinor 
constraints. However, as discussed in Sec. 4.2, a different quantity plays the role of the axion- 
dilaton for 05 orientifolds, since the zero mode of C(o) is projected out. For the type I orientifold 
with 09 planes, rail = a + ie^'^, where a is the scalar dual to C(^2)tJ.u- 
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this becomes 

e-'t^{5^M - IFm^A*) = (e-'^(VM - \VM$(f) + iF(i)M + i^f^^)VM)e (D.9) 

~ ^(i^(3)rM + YgrM(2'(3)je*. 

Here, we have assumed a real representation of the Dirac matrices. We have also used the 
relation 

{${-i)i^M} ='i${'i)M (D.IO) 

in deriving ( p.9| ). 

When expressed in terms of the complex quantities raii and 6*^3) , the equations simplify 
in Einstein frame. Using a prime to indicate the latter, the relations between string frame 
and Einstein frame are 



q'mn — ^ 9mni T'm — e '*'/ Fm, V'^ — Vm — s^m dN4>^ 
e' = e^/«e. A' = e^/«A, ^^ = e'^/^l^M - IFmA*). 

Therefore, the Einstein frame analog of Eqs. (p.9| ) is 



fD.lll 



(D.12) 



where a slash and prime denotes the analog of Eq. ( |A.6D with Vm -^ F^. 



Eqs. (p.l2| ) give the Einstein frame fermion variations in the usual string theory 
conventions, in which -F(p), -^(3), and G(3) are the same in string frame and Einstein frame. 
In the supergravity literature, the quantity G(3) is given a slightly different definition. 
The relation between that definition and the one given in Eqs. ( p.8|) has been discussed 
elsewhere [BirfSl. 



Appendix E. The Meaning of VFqvw in the 03 Orientifold with Internal T^ 

As mentioned in Sec. 5.1, one subtlety in our description of metric moduli stabilization 
for the 03 orientifold based on internal T^ is that not all of the (18 real) r*j and (9 real) 
gij correspond to the (21 real) physical metric moduli. 
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In contrast to the case for a proper Calabi-Yau threefold, there is not a one-to-one 

correspondence 

5t'^ jD^-i ,0 = uj^^''^' (sum on z, j), 

between deformations of complex structure ((1,2) forms or T'-'^'^-'-valued (1,0) forms) and 
deformations of gij. The reason is that for a manifold such as T^ with nontrivial H^^'^\ 
there exist nonprimitive (1,2) forms 



u 



ii,^) = j^jo,i)^ (E_2) 



that generate vanishing metric deformations. For a T^, the three such forms are J A dz'^. 
Correspondingly, there are three complex unphysical degrees of freedom in r* j that do not 
correspond to metric degrees of freedom. 

This can be understood in the supergravity theory as follows. In the absence of flux, 
the theory has A/" = 4 supersymmetry. The fluxes break this to A/" < 4 supersymmetry, but 
the breaking should still be described within the formalism of A/" = 4 gauged supergravity. 
Unlike global Af = 4 supersymmetry, Af > 1 supergravity cannot be cleanly described in 
A/" = 1 language, due to the lack of a simple off-shell formulation for A/" = 1 gravitino 
multiplets with a single auxiliary field analogous to the D or F fields for vector or chiral 
multiplets.E^ Nevertheless, upon choosing an A/" = 1 subalgebra of A/" = 4, one can 
still organize all fields into A/" = 1 multiplets and decompose the bosonic parts of all 
supersymmetry variations into L>-terms, F-terms, and "other-terms." In this sense, we 
can still define an A/" = 1 superpotential, whose variation gives the F-terms. However, this 
superpotential is part of a family of superpotentials parametrized by a choice of the Af = 1 
subalgebra. Equivalently, it is parametrized by a choice of a point in the space 

of embeddings of the U{1) 7^-symmetry of A/" = 1 in the SU{4) 7?.-symmetry of A/" = 4. 
Here, the SU{3) is the commutant of U{l)-]i in SU{4)-]i. For T^, Wgyw is exactly this 
type of family of superpotentials, parametrized by the three complex unphysical degrees 
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Here, we have in mind an off-shell multiplet whose on-shell dynamical degrees of freedom are 



a spin 3/2 field and a spin 1 field. For work on off-shell gravitino multiplets, see Ref. [B4|. 
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of freedom in r* ^ . To obtain the F-terms, Wgvw should only be varied with respect to 
the physical degrees of freedom. The F-terms impose the conditions 

^(3) = (l,2)-nonprimitive + (2, 1), (E.4) 



where the (l,2)-nonprimitive component is of the form (|E.2|) . 

On the other hand, in an operational sense, varying W^gvw with respect to raii and all 
of the r*j, including unphysical degrees of freedom, is a convenient thing to do: it is more 
easily implemented in practice than varying with respect to only physical deformations, 
and this seeming unphysical procedure imposes exactly the (2,1) condition on G(3), which 



is still a subset of the supersymmetry conditions. The philosophy of Ref. |]TT|] was simply 



to use Wgvw in this seemingly unphysical way, as a convenient tool for imposing the (2,1) 
condition. 

One disadvantage of this approach is that it is not always clear how many physical 
moduli there are among the redundent set of all r*j and gij unfixed by the supersymmetry 
conditions. For the examples that we present, this is an issue only in the A/" = 2 case. 
(For our Af = 1 and Af = 3 examples, raii and all complex structure moduli are fixed, 
and all of the unfixed Kahler moduli are physical.) We avoid the problem by choosing a 
noncanonical decomposition of unfixed metric moduli into Kahler and complex structure 
moduli in Sec. 6.4. The choice is natural from the point of view of the dual 05 orientifold 
of Sec. 6.2. The choice corresponds exactly to the choice of x+ = or x_ = in Sec 4.2, 
which leads to an integrable complex structure possessing a fiber © base decomposition as 
in Eq. j^^ - 



Appendix F. T-Duality Map for RR Potentials 



The T-duality map for the RR potentials C(^p-j is analogous to Eq. ( p. 28) ) . The relations 



between components in the 77", dx"^ basis of the 05 orientifold and the 77'°, dx^ basis of 
the 03 orientifold are 

C(p) = ~"^" '^(p)/3' (^■-'-) 

^{p)c,p = -e <-(p-2)(27r) a . 
We assume that H',^.^^ = so that the T-duality exists, but retain FL.^^. (The 
equations of motion ultimately require that FL.^^ = 0.) 
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In the 03 orientifold, a choice of gauge for the potentials leading to the quantized flux 



IS 



,/bg _ IttI ^rj^oi A j^n , Itt' 



5(2) = iH'iS^^X^dx- A dx- + iH[,^rnnrX^dx- A dx^ 



C[i) = \Fm^^''dx" A dx' + \F[^-^^x^dx^ A dx^ + ^F[^^^^x^dx^ A dx^ . 



(F.2) 



In the ry'", (ix™" basis (where 77'" = (ix" + a'"™,)? this becomes 

-^(2) = 2-^(3)anr^'^^ " ^ (ix" + (3T-^(3) mnr ~ 2^{3)anr'^ "rnjx'^dx'^ A dx"', 
^('2) = l^(3)Mr^'^^" ^ ^" + (i^(3)«n, - F[,^aSra"n)xW'' A dx^ (F.3) 

+ [3\F(S) mnr ~ 2-^(3)anr'^ "™- + 2-^(3)a5r'^ " rnd njx'^dx'^ A dx"'. 

In addition, there are background components of C^f-. with one and two 77'" indices, such 
that 

-^(5) smeared = ^^(4) ~ ^(2) ^ -^^(3)5 (F-4) 

with F('5) given by Eq. ( |Oq ). 

The moduli are c',qx and C/^n = C^x — C'^^. The latter are given by 



(F.5) 



•^(4) ^ 2fe!'^(4)a5rs'^^" ^ dx^ A (ix'^ A (ix'^ + ^i C(4)anrs'^^° A (ix" A dx"" A rfx"" 

+ ^C(4)^„^^(ix"^ A dx"- A (ix'' A lix^ 
In the ry'", dx'" basis, this becomes 

C(4) = 2kA'i)^^SrsV'" A 77'^ A dx'^ A dx' 

+ i(c(4)an^ - |c;4),^a'\)r7- A rfx- A dx'^ A dx^ (F.6) 

I M ^' Lr' /^'" -I 3_^' ,o'" ,o'/3 '\,^'r"^ A rl'r'^ A /^'r'^ A /^-t-^ 

^ V4! (4)mnrs 3! '^(4)anrs"' n ~ 2!2! (4) a(5rs "' rn'^ n)^-^ /\u,x /\u,x /\u,x . 

Applying the T-duality map (|F.ip , replacing a',^) with —6(2) via Eq. ( |5.25q| ), and at the 
same time using the flux relations ( |5.31|) , we obtain 



m 



C(0) = F(^l)mX 
C'(2)45 = C(2)45 5 
C(2)an = 2^(3^anr^'^ + KnC(o), 



C(2)mn = C'(2%n + C{2)mn, (F.7) 

C(4)anrs = C^f^^^^^ + C(^4)c.rirs " (^(2) A C(2))^^^^, 
C(4)45mn = ^(5%5mnr^'^ + (^(2) A |F(3) s^pX^rfx^) ^^.^^ + ^ (^(2) A 6(2) C'(0))45^„, 
C(6)45mnrs = C(6) 45mnrs + (^2) A C(4))45^^^^ + M^(2) A ^(2) A C(2)) 45^^^^, 
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where 

^bg _ Wbg ^bg _ _ a/3 Wbg /p r 

^(2)rs ^(4)45rs' ^{4:)ccnrs ^ ^(4)anrs' V"^ -"^ 

and where the T-duahty map of RR moduh is 



C(2)45 — -C(o), C(2)rs — C(4)45^, 

C{4)ctnrs = "£ ^(4)^^^^, £(5)456789 = C(4)g7gg. 



(F.9) 



Eq. ( |.b'.7[ ) is of the same form as Eqs. ( |3.43D and ( |3.44| ) , with the gauge choice 

C(0) = F(^l)mX , C'(2)Qn = 2-^(3)anr^ ' ^(4) 45mn = "^(5) 45mnr^ " (^-10) 

Similarly, from Eqs. (|5.255, c|) , the gauge choices for A"" and B^^. resulting from Eq. (|F.2| ) 
and the T- duality map are 

^" = i^-^x"^dx", Sf'l) = j,H^s)mnrX'^dx^ A dx^ (F.ll) 

One can check that the potentials ( [t*'.?] ) do indeed give rise to the fluxes ( |3.20q| ), ( |3.47| ), 
and (1^). 



Appendix G. Moduli Space Metrics 

In this appendix, we discuss the kinetic terms for the moduli of the T^/Z2 03 orien- 
tifold. We restrict to the A/" = 2 flux ( |635|) of Sec. 6.4 and the A/" = 1 flux (|;2|) of Sec. 8.2, 



and work to leading order in Z — 1.1121 For the A/" = 3 case, the kinetic terms were derived 
by Frey and Polchinski j^^], and shown to describe a sigma model with target ( |7.37| ), as 



required by Ref. |77]. Here, we follow Frey and Polchinski, except for a minor difference 



in conventions,EJ and the inclusion of the axion-dilaton modulus. 
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Properly treating the warp factor in the 4D kinetic terms for the 6D metric moduli is a 



problem that we do not attempt to address here. It was partially studied in Ref. [13|, however 



the treatment there neglected terms involving d^Z = {dZ/dgah)d^gab- It is is currently under 



investigation |61]. 



■^^ We take x" = x" + I on the T^ , whereas Frey and Polchinski take x°- ^ x" + 2tt. So, 
some coefficients differ by powers of 27r. In addition, we do not absorb factors ga = e'*'' into the 
normalizations of the 4D fields, since, in the J\f = 2 case, (j) is an unlifted modulus whose vev is 
not a priori determined. 
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The lOD string frame action for the metric, dilaton, and axion C(o) is 

Sh'lc,,, = j:^Jd''x^/^G-s(^e-''^{Rios+^d4>r) - ^(^^o))'), (G.l) 

where 2k^q = (27r)^a'^ and {Gs)mn denotes the metric ( p.la| ). The integral runs over the 
Z2 covering space M"^'^ x T^, so there is an overaU factor of 1/2 multiplying the action. In 
the lOD Einstein frame, 

{Ge)mn = e"'*'/ {Gs)mn, (G.2) 



the action becomes 

^'^lo J V 2(Imrdii) / 

where now the contractions are performed using the new metric Ge- The dimensional 
reduction down to 4D is 

^«-- - 2;^ y ^ xv/-G4A^i?4 - 1^^^^^ - —^^ --^G G d,G^,d a 

(G.4) 
Here, {2Txfa'^/\ = {detG(i)^/^/2, with G4 and Gg the restrictions of Ge to 4D and 6D, 
respectively. Finally, in terms of the 4D Einstein frame metric {gE)tiu = {G4)^,^A and 
rescaled 6D metric ■jab = (G6)a6/((27r)^a'A), this becomes 



As in Ref. |Q, once the moduli C(4)abcd and $7" are included, the total 4D Einstein-Hilbert 
plus moduli action is 

5fr,„o,/3,-y = Sf + Stl + 5^,7' ^here (G.6a) 



^ fd^x./^^RE, (G.66) 



c4E 

^ 2TTa 

-,4E 1 /" 74 / df^Tdild'^fdil 



27ra'y 2(lmrdii) 

(G.6d) 
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InEq. (10:6^) , 

aj« = $^«/(27r), (G.7a) 

C(4)a&cd = (271)'^ a'^eabcdefP''-'^, where 6455789 = 1, (G.76) 

and 

^m/3"' = a^/3"' + a,["la^a,l''l. (G.7c) 

The second term in 1)^(3°"^ is the analog of the gauge Chern-Simons term in F(3) of type I 

or in if(3) of the heterotic theories. It is weU known that the sigma model ( |G.6q!| ) with 



a, b running over D values and / running over M values parametrizes the coset Td^d+m, 



where %n^n is the Grassmannian 



_ SO{m,n) 
"^'"" SO{m)xSO{ny ^ 



up to discrete identifications [l85[| . 



Thus, for A/" = 4, with 2M — 32 D3 branes and no flux, the scalar manifold of the low 
energy effective field theory is 

SUjl,!) SO{6,22) 

^^=' - -uiT)- so{6)xso{22y ^^-^^ 

up to discrete identifications, where the first factor is from Tdii and the second from a, /3, 7. 
When there is nonvanishing fiux, the supersymmetry is reduced, and the moduli constraints 
reduce this moduli space to a proper submanifold that is also a product of homogenous 
spaces. 

For A/" = 3 fiux, the axion-dilaton and some (3, 7 moduli are fixed. In the zw-coordinates 
of Sec. 8.2, the unlifted components of a,/?, 7 are ai\ «/*, /?*■' = —/3^\ 7*-' = 7-'*, and the 
above sigma model parametrizes the coset t/(3, 3 + M)/(U{3) x U{3 + M)), as discussed 
inRefs. JT^Jeg]. 



For the Af = 1 fiux of Sec. 8.2, the moduli constraints are similar. The axion-dilaton 
is again fixed. In the ^-coordinates of Sec. 8.2, the nonvanishing components of a, /3, 
7 are as in the Af = 3 case in ty-coordinates, but with the addition restriction that (3^^ 
and 7*-' be symmetric (imaginary and real, respectively). That is, /3*-' = /S-'* and 7*-' = 
7-''^. It would be interesting to describe this 6 -|- 6M dimensional real hypersurface in 
U{3,3 + M)/{U{3) X U{3 + M)) as a coset, perhaps U{3,1 + M)/{U{3) x U{l + M)). 
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Finally, for the A/" = 2 flux of Sec. 6.4, the moduli constraints are such that the scalar 
manifold factorizes into an a = 4, 5, 6, 7 part and an a = 8, 9 part. If there were no further 
constraints, the moduli space would be (5'C/(1, l)/[/(l)) x 72,2+m x ^,4+m- The first two 
factors form the manifold iS72,2+M in the special Kahler series 

_ ^^(1,1) SO{2,n) 

^^''- - ~m~ SO{2)xSO{ny ^^-^^^ 

The third factor is quaternionic. Therefore, we would identify the vector multiplet moduli 
space with 572, 2+m and the hypermultiplet moduli space with 74,4+m- However, there are 
additional moduli constraints that further reduce these special Kahler and quaternionic 
manifolds. First, there is the constraint (TO/n)(— l/raii) = Tg, where Tg is the complex 
structure modulus of 'jab in the 8, 9 directions. Therefore, 572, 2+m is further lifted to^a 

Mv = ST2,i+M. (G.ll) 

If, in the 4, 5, 6, 7 directions, we write (cf. Eqs. ( |6.63a, 6|) ) 

'yabdx'^dx^ = T^W^ + rW^f + T^\dx^ + rodx^f , (G.12) 

Im t[ ' ' Im T2 

with 77'^, 1]'^ given by Eqs. (|6.64a, ^ ), then the remaining moduli constraints are 

t[t^ = -1, a'\ = a'%, and P^^ = -(5^\ (G.13) 

The hypermultiplet moduli space A^h is the hypersurface ( p.l3|) in 74,4_|_m- Since it must 
be quaternionic, we conclude thatch 

Mh = %,3+M. (G.14) 

As we have already observed in Sees. 6.4 and 8.2, for classes of flux discussed in this 
paper, the partial breaking ofA/' = 4toA/'= 1,2 supersymmetry is such that the resulting 



The only other homogeneous symmetric space G/'H of dimension 2(2 + M), with M divisible 
by four, that is special Kahler is U{1, 2 + M) / (U (1) x [7(2 + M)) . However, this is not a hyper- 
surface in 572, 2+ A/. For a nice review of special Kahler and hyperKahler/quaternionic geometry 
in connection with both locally and globally J\f = 2 supersymmetric field theories, see Ref. [ p6[ . 

Likewise, the only other homogeneous symmetric quaternionic manifolds of dimension 4(3 + 
M) are Sp{2M + 8)/{Sp{2) x Sp{2M + 6)) and C/(2, 3 + M)/[U{2) x C7(3 + M)) . Neither of these 
is a hypersurface in Ti,4:+M- 
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massive gravitini all have equal mass. It is noteworthy that for the T^ /'L2 03 orientifold, 
there does not exist an single proper example in the literature (that is, a choice of flux 
consistent with Dirac quantization and the Gauss's law constraint) in which the breaking 
involves massive gravitini of unequal mass. The "generic" case of partial supersymmetry 
breaking with unequal gravitino mass is apparantly not as generic as one might have 
thought. It is not clear that such a case is possible. However, if it is, then the resulting 
mass spectra and superHiggs mechanism would be governed by the results of Ref. |T^ , in 
which the reduced moduli spaces for this case have also been worked out. 

Appendix H. Uniqueness of Flux in Sec. 8.2 



In this appendix we prove the claim that the flux (|8.23| ) is the unique choice of 
supersymmetric flux in the class ( |8.17a, 6|) with the minimal value A^Aux = 12, mod- 
ulo S'L(2,Z)t- X S'L(2, Z)t-j.j equivalences. (Here SL{2,Z)t is the diagonal subgroup of 
SL{2,Zf C ^L(6,Z), where ^L(6,Z) is the duality group of T^ and SL{2,'Lf is the 
product of the duality groups of the T^ factors in the T^ ^ T'^ x T'^ x T^ factorization of 
the complex structure for this example.) For notational simplicity, we drop the primes on 
r and Tdn that were used in Sec. 8.2 solely to denote that 03 from 05 quantities. Instead, 
primes will indicate 5'L(2, Z) transformed quantities below. It is convenient to rewrite 
Eq. (7.27) in matrix form as 



PM = i(r 1)P(;), whe.e P=(^ ™). (H.l) 

Then, 

detP = 4/n-m^ (H.2) 

and under SL{2, Z)^- transformations. 



r^r', where (-) = -J-^M (;') , (H.3a) 

P ^ P\ where P' = M^pM, (H.36) 

with 

M = i 

7 5 
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M = ( " ^ ) G ^L(2Z)^. (H.3c) 



For Afflux = 12, we have {fk — gh){4ln — m?) = 9. Since 4ln — m? = —1 (mod 4), the 
only possible factorization is 



fk-gh = 3, 4ln - m^ = 3. (H.4) 

Here we have used the fact that 4/n — m^ > in order for P(r) to have two complex conju- 
gate roots with nonzero imaginary part. This is required for the T^ to be nondegenerate. 
It is well known that r can also be mapped into the fundamental domain ( [7.3C1| ) by 
5'L(2,Z)t- transformations. For r G J-q, the conditions ( [7.32|) combined with the second 



equality in Eq. ( |H.4| ) imply that 3 > 4l{n — /), with n > I > 0. Therefore, / = n. From 
Eq. ( |H..4|) , we then have 3 = (2Z + |m|)(2/ — \m\). So, I = ±m = n = 1, corresponding to 
r = ^ (=f1 + iy/s) from Eq. ( [7.32| ). The two possibilities are dual via r — > r ± 1. (Only the 
m = +1 solution is actually in the fundamental domain as defined in ( [7.3C1| )). Thus, 

(/, m, n) = (1, 1, 1) and r = e2^*/^ up to SL{2, Z)^ duality (H.5) 

Now consider the equivalences on (/,(/, /i, k). Under S'L(2, Z)t-^.j duality, 

A=M ^j^A' = NA, where N e SL{2, Z)^^.^. 



(H.6) 



From a = 6 = — |(/ + 5r),c = (i=— |(/i + /c), together with fk — gh = 3, we conclude 
that gcd(/, /i) = 1. (Assume, to the contrary, that gcd/, /i = 3. Then, demanding that 
a, 6, c, (i G 2Z implies that gcd(5r, k) = 3 and subsequently that 9 divides fk — gh. This con- 
tradicts fk — gh = 3.) Therefore, ■-yf + dh = l for some 7, 5, so that the SL{2, Z)^-^.; duality 
A' = iC l,) = {'; -/){il) gives h' = 1. Next, the duality A" = {C l',,) = (_°, /,) ({ ^i) 
gives h" = 0. Finally, the ^L(2,Z),,j, duality A'" = {fC) = ili)io'k''') allows us 
to replace g" with any g"' = g" (mod A;"). From det A'" = detA" = det A' = det A = 3, 
we have f"'k"' = 3. We can assume that f"',k"' > (via SL{2,Z) duality by ("^^ _°J, 
if necessary). There are two possible factorizations: /'" = 1 and k'" = 3, or /'" = 3 and 
k'" = 1. The second case is excluded hj c = d = —2k"'/3 G Z. In the first case, the 
congruence —3a = 2{f"' + g'") = (mod 3) gives g'" = —1 (mod 3) = —1 (mod k'"). 
So, g'" = —1 and ({ ^) = (q "3) up to 5'L(2, Z),-^.^ duality. This is equivalent to 

h k) = (l '2) ''P *° ^^^^2' ^^^-' '^'"''^'^y- ^^-^^ 

Together, Eqs. ( [H..5| ) and ( |H.7| ) prove the desired uniqueness of the choice ( |8.236| ). 
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